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1. Introduction
Because of an improvement of wireless communication technologies, cables are taken away
step by step from an electrical equipment. Now, a power cable is the last wire connected to
the equipment. Therefore, wireless power transfer (WPT) technology is desired.
Conventionally, microwave power transfer and magnetic induction have been used for
this purpose. Microwave power transfer technology utilizes a directivity antenna with
high-power microwave generator. This technology is applicable for very long range power
transfer, such as space solar power system(SPS). However, this technology requires precise
directivity control. Thus it is difﬁcult to use in consumer electrical appliances.
Magnetic induction technology is already used for power supply for a cordless phone, electric
tooth blush, or electric shaver. RFID tag also utilizes magnetic induction technology for power
supply. However, demerit of this technology is very short distance for power transmission.
Although transmitter and receiver is electrically isolated, they should be physically touched.
Wireless power transfer using magnetic-coupled resonance is proposed by MIT in 2007 (1).
60W power transmission experiment for 2m distance was demonstrated (2). It is amazing
that this technology is applicable although human body is located just between a transmitter
and receiver. Thus, it is expected that this technology is used in home electrical appliances
or electric vehicles. On the other hands, for practical implementation, design criteria of this
system should be established.
Although the magnetic-coupled resonant WPT technology is the epoch-making technology,
this technology seems similar technology to magnetic induction. Both of them use magnetic
ﬁeld to transfer power and magnetic coil to feed/pickup power. The key point of the
magnetic-coupled resonant WPT is using capacitance to occur resonance. However, even
in conventional magnetic induction technology, capacitor is also used. The feature of the
magnetic-coupled resonant WPT is to utilize odd-mode and even-mode resonance. In the
magnetic induction technology, frequency is ﬁxed according to the transfer distance. However
in the magnetic-coupled WPT technology, frequency should be varied according to the
transfer distance.
In the section 2, we explain basic theory of magnetic-coupled WPT system through equivalent
circuit expression. Method of moment (MoM) simulations will be demonstrated for
validation. In the section 3, a procedure to calculate parameters of the equivalent circuit of
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magnetic coupled resonant WPT is discussed. Equivalent circuit parameters are calculated
from the geometrical and material parameters of the WPT structure. Radiation loss and
conductive loss are taken into account in the equivalent circuit. Both direct-fed type and
indirect-fed type structures are considered. MoM calculation shows that the equivalent circuit
has capability to calculate S parameters and far-ﬁeld radiation power correctly.

2. Basic theory of magnetic-coupled resonant WPT system
2.1 Classification of coupled resonant WPT system

The coupled resonant WPT system is classiﬁed from the viewpoint of 1) ﬁeld used in coupling,
2) power feeding, and 3) resonant scheme.
From the viewpoint of ﬁeld, this system is classiﬁed to magnetic-coupled resonant type and
electric-coupled resonant type. Not only magnetic ﬁeld but also electric ﬁeld can be used
for coupled-resonant WPT. In the case of magnetic-ﬁeld coupling, power transfer is affected
by surrounding permeability. On the other hand, for electric-ﬁeld coupling, power transfer
is affected by surrounding permittivity. Because the relative permeability of human body
is almost unity, magnetic-coupled resonant WPT is not affected by human body. Therefore,
magnetic-coupled type is used in the reference (2). However, when the effect of a human body
is negligible, electric-ﬁeld coupling type may be a considerable alternative.
From the viewpoint of power feeding, this system is classiﬁed to direct fed type and indirect
fed type. In the case of the direct fed type, power source and load is directly connected to
the resonant structure. On the other hand, feeding loop is used for indirect fed type. A
power source and load is connected to the loop structures, which have not sharp frequency
characteristics. The loop structure and the resonant structure is coupled by magnetic
induction. A merit of direct fed type is simple structure. On the other hand, indirect type has
advantage in freedom of design: impedance matching is achieved by adjusting the spacing
between the loop and the resonant structure.
From the viewpoint of resonant scheme, this system is classiﬁed to self resonant type and
external resonant type. To occur resonance, same quantity of inductive reactance and
capacitive reactance is necessary. For the self resonant type, inductance and capacitance are
realized by identical structure. For example, open-end spiral structure is used. Currents along
the spiral structure causes inductance and charges at the end of the spiral causes capacitance.
Resonant occurs at the frequency at which the inductive and the capacitive reactance becomes
same. On the other hands, external resonant type has distinct structure to realize capacitance
and to realize inductance. For example, loop structure is used for inductance and discrete
capacitor is added for capacitance.
In accordance with the above discussed classiﬁcation, the WPT system shown by MIT (2) is
magnetic-coupled resonant, indirect-fed, self resonant type.
Although this system is regarded to be a new technology, its principle can be discussed from
following standpoints. 1) this system is a TX antenna and a RX antenna. 2) this system
is two element TX array antenna which has parasitic element terminated with a resistor.
3) this system is coupled resonators. 4) this system is a transformer with capacitors. The
viewpoint 1) is useful to discuss impedance matching or power transfer efﬁciency. However,
since this system is used in near-ﬁeld region, a concept based on far-ﬁeld region, such as
gain or directivity, is not applicable. The viewpoint 2) is beneﬁcial to consider far-ﬁeld
emission or interaction between TX and RX antenna. From a viewpoint of electro-magnetic
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Table 1. Parameters of the calculation model
resonant mode, the viewpoint 3) provides considerable knowledge, as in the reference (2).
The viewpoint 4) is proﬁtable to predict input impedance or resonant frequency from an
equivalent circuit. On the other hands, this is unsuitable to discuss undesired emission or
effect to human bodies from a viewpoint of electromagnetics. In this section, we unveil
mechanism of power transfer from a suitable standpoint.
2.2 Investigation on resonant mechanism

A consideration model is shown in Fig. 1. Structural parameters are listed in Table 1. This
model is used in the reference (2), which is classiﬁed magnetic-coupled resonant, indirect-fed,
self resonant type. The loop structure is used to feed. The helical structure is used to occur
resonance. The loop structure and the helical structure is coupled by magnetic inductance.
The helices are coupled by magnetic-coupled resonance.
This structure is analyzed by MoM calculation. Perfect electric conductor (PEC) is assumed
in this calculation. Figure 2(a) shows input impedance. The case without helix is also plotted.
By using the helix, two resonances are occurred.
Figure 2(b) shows real part and imaginary part of the port current. Port 1 is input port and
Port 2 is output port. We can see that at the lower frequency resonance, input port and output
port have same polarity of current. On the other hand, at the higher frequency resonance,
input port and output port have opposite polarity of current.
Magnetic ﬁeld distributions at these frequencies are shown in Fig. 3 and 4. Sub-ﬁgure (a)
shows magnitude of magnetic ﬁeld vector, (b) shows z-direction component of magnetic
ﬁeld vector, which corresponds to vertical direction in the ﬁgure, and (c) shows y-direction
component, which corresponds to horizontal direction in the ﬁgure. At the lower frequency
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Fig. 3. Magnetic ﬁeld distribution on a frequency of the odd mode(11.4MHz) and equivalent
dipole model
resonance, there is no y component magnetic ﬁeld at the center of TX and RX. Therefore
electric wall is located between TX and RX. Considering the polarity of port current, this
resonant mode is modeled by magnetic dipole shown in sub-ﬁgure(d). Since the magnetic
charge distribution along z axis is asymmetrical, this resonant mode can be called odd mode.
On the other hand, at the higher frequency resonance, there is no z component magnetic ﬁeld
at the center of TX and RX. Therefore magnetic wall is located between TX and RX. Since
the magnetic charge for this frequency is symmetrical, this resonant mode can be called even
mode.
Next, let us see power transmission efﬁciency. Power transmission efﬁciency is deﬁned by
η=
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Figure 5(a) shows the calculated result. There are two peaks of efﬁciency both for odd
and even mode. The imaginary part of the input impedance (Fig. 2(a)) is not zero at
the frequency of resonance since the input impedance includes the inductance of the loop
structure. Therefore, the resonant frequency and the frequency at which the input impedance
becomes zero become different. From the viewpoint of power engineering, this deﬁnition
means effective power of the output port normalized by apparent power of the input port. It
is said that the power transmission efﬁciency is maximized when the power factor becomes
unity. From the viewpoint of radio frequency engineering, S parameter is important index.
Figure 5(b) shows calculated S parameters. At the odd and even mode frequencies, S21
becomes almost unity.
We assume a sphere which surrounds the transmitting and receiving antenna. By applying
the Poynting theorem to the volume of the sphere V and the surface of the sphere S, a balance
of the power is described as
Pp = Pr + Pw + Pd
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where
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and Pin is a power supplied to the port of the transmitting antenna, Pout is a power extracted
from the port of the receiving antenna, Pr is a power of far-ﬁeld emission, Pw is stored energy
in the volume V, and Pd is loss power dissipated in the volume V. For an antenna used for
far-ﬁeld, an antenna is a device which transduces Pp into Pr . However, since the wireless
power transmission is a system which extracts Pout from the Pin , Pr becomes a loss energy.
An antenna used in far-ﬁeld is required to maximize far-ﬁeld emission, i.e. to maximize a gain.
In the wireless power transmission, far-ﬁeld emission becomes not only power loss but also
a cause of electro-magnetic interference (EMI). Thus, reducing far-ﬁeld emission is required.
The far-ﬁeld emission can be estimated from the gain by regarding this system as an array
antenna consisted of the TX antenna and the RX antenna. In this calculation, RX antenna
is considered as a parasitic element loaded with a loss resistance located in the vicinity of
the TX antenna. Fig. 6(a) shows the gain as antenna for x direction. Fig. 6(b) shows angle
speciﬁcations of gain for the odd and the even mode frequencies. The maximum gain was
−13.8 dBi and −31.8 dBi for odd and even mode, respectively. The gain of the even mode
frequency for the maximum emission direction is smaller by 18 dB than that of the odd mode
frequency.
Strength of undesired emission is speciﬁed by using effective isotropic radiation power (EIRP):
EIRP = Gt Pt

(8)

where Gt and Pt show gain of antenna shows power fed to the antenna, respectively. EIRP for
the 1W power transfer is 41.7mW for odd mode and 0.66mW for even mode. Since the current
of the TX antenna and RX antenna has opposite direction for the even mode, the resultant
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Fig. 8. Input impedance calculated by MoM and the equivalent circuit model
emission from the TX and RX antennas is canceled each other in far ﬁeld. This result shows
that the even mode is suitable for use because of low undesired radiation.
2.3 Investigation on resonant frequency with equivalent circuit model

Equivalent circuit of the wireless power transmission is shown in Fig. 7. L, C, and M represent
self inductance of the helix structure, stray capacitance of the helix structure, and the mutual
inductance between transmitting and receiving helices, respectively Rl and Zl represent loss
resistance of the helix structure and load impedance, respectively. Lr and L I correspond to
self inductance of the induction coil and self inductance of the helix which concerns with
the coupling to the induction coil, respectively. M I shows the mutual inductance between
induction coil and resonant helix. Figure 8(a) and 8(b) show input impedance calculated by
the MoM and the equivalent circuit, respectively. We can see that the physical phenomenon
of WPT is adequately represented by the equivalent circuit.
Because the loop structure does not concern with a resonant mechanism, resonant frequency
determined by the L, M, and C will be considered. Resonant frequency of the helical structure
f 0 becomes
f0 =

2π

1


LC

.

(9)

When two helixes are coupled each other, odd mode resonance and even mode resonance
occur. Resonant frequency of odd mode and even mode, f odd and f even , becomes as follows:
f odd =
f even =
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In the case of odd mode resonant, because polarity of current of the TX and the RX coil is
same, mutual inductance is added to the mutual inductance. Thus, f rmodd becomes smaller
than f 0 . In the case of even mode resonant, because polarity of current of the TX and the RX
coil is opposite, mutual inductance is substituted from the mutual inductance. Thus, f rmodd
becomes higher than f 0 .
Coupling coefﬁcient k is deﬁned by
M
k=
,
(12)
L
which shows strength of coupling between the TX and the RX loop. By using the k, the odd
and the even mode resonant frequency is obtained by
f0

f odd = 

1+k

f even = 

1−k

f0

(13)

.

(14)

For the traditional WPT system using magnetic induction, frequency is ﬁxed with respect to
the distance between TX and RX. However, for the magnetic-coupled resonant WPT system,
resonant frequency varies with respect to the distance between TX and RX. In the practical
use, available frequency is determined due to regulation. To maintain resonant frequency,
capacitance should be adaptively changed.
f 0 and k is obtained when the resonant frequency of the odd and the even mode is known:


2
2
 2 f even
f odd
f0 =  2
(15)
2
f even + f odd
k=

2
2
f even
− f odd

2
2
f even
+ f odd

.

(16)

To estimate f 0 and k from an experimental result, this equations can be used.

3. Calculation of equivalent circuit parameters
3.1 Consideration model

Fig. 9 shows a structure of the direct-fed type wireless power transfer. Both transmitting (TX)
and receiving (RX) antennas consist of one-turn loop whose radius is r. The circumference of
the loop is assumed to be much smaller than the wavelength of the operating frequency. The
loops are made of wire whose diameter is 2d and conductivity is σ. Distance between TX and
RX is h. Capacitor C0 is connected to occur resonance.
Equivalent circuit of this structure is shown in Fig. 10. ZS and ZL show source impedance
and load impedance, respectively. L and M show self and mutual inductance of the loops,
respectively. Rr and Rl show radiation resistance and conductive loss resistance, respectively.
Fig .11 shows a consideration model of the indirect-fed type. Loops 1 and 2 are for TX, and
3 and 4 are for RX. Loops 1 and 4 are feeding coils, which are connected to the power source
and the load, respectively. Loops 2 and 3 are resonant coils, to which the resonant capacitors
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are connected. Power is transferred by magnetic induction between the feeding coil and the
resonant coil. Between resonant loops, power is transferred by magnetic coupled resonant.
This WPT system is characterized by the geometrical dimensions: loop radius r, radius of
wire d, distance between loops h12 , h23 , and h34 .
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Equivalent circuit of this structure is shown in Fig. 12. Li shows self inductance of i-th
loop. Mij shows mutual inductance between i-th and j-th loops. In this consideration, all
combination of mutual coupling is considered. Equivalent circuit parameters are calculated
in the same manner as the direct-fed type.
3.2 Equivalent circuit parameters

By using the Neumann’s formula, mutual inductance M becomes
μ0
4π

M=

1 2

dl1 · dl2
r12

(17)

where μ0 shows permeability of free space, dl1 and dl2 show line element of TX and RX
loops, respectively, and r12 shows distance between dl1 and dl2 . Assuming that two loops
are arranged as shown in Fig. 9, M is reduced to

√
M = μ0 r1 r2

2
2
− k K (k) − E(k)
k
k

(18)
(19)

where
4r1 r2
(r1 + r2 )2 + h2

k=

and K (k) and E(k) are complete elliptic integrals:
K (k) =

 π/2

E(k) =

 π/2 

0

0

1

dφ

(20)

1 − k2 sin2 φdφ.

(21)



1 − k2 sin2 φ

Self inductance L is calculated from external inductance Le and internal inductance Li :
L = L e + Li

(22)

The external inductance is due to magnetic ﬁeld caused around the conductor. Assuming that
all the current I is concentrated along the center line C shown in Fig. 13, resultant magnetic
ﬂux inside the C is identical to that inside the C ′ . Thus, by substituting r1 = r, r2 = r − d,
h = 0 into the Eq. (18), Le is calculated. Eq. (18) is approximated to


8r
−2
(23)
Le ≈ μ0 r ln
d
assuming r1 ≈ r2 , h  r1 , r2 .
The internal inductance is caused by magnetic ﬁelds in the conductor. If the loop is perfect
conductor, currents ﬂow only on the surface of the conductor, then internal inductance is
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negligible. Considering the conductivity, skin depth δ is calculated from
δ= √

1
.
ωμσ

(24)

Internal inductance becomes
Φ
Li = i = 2πr
I

d

d−δ

Bi dr ′
I

(25)

where I, Φi , Bi and μ show current in the conductor, ﬂux linkage, ﬂux density in the conductor,
permeability of the conductor, respectively. Bi is obtained from Ampere’s law:
Bi = μ

NI
2πr ′

(26)

where r ′ (d − δ < r ′ < d) shows distance from the center of the conductor. Current density in
the conductor becomes uniform assuming δ > d, thus internal inductance becomes
Li =

μr
.
4

(27)

Because the circumference is much smaller than the wavelength, radiation resistance Rr is
approximated to
Rr = 20π 2 ( βr )4
where β = 2π/λ.
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Fig. 15. S parameters
Taking the skin effect into account, conductive loss is obtained by
Rl =

2πr
σ·S

(29)

where S = π {d2 − (d − δ)2 } is cross section in which current ﬂows.
Finally, resonant capacitance becomes
C0 =

1
.
(2π f 0 )2 L

(30)

3.3 Numerical validation

To discuss adequateness of the equivalent circuit, input impedance and S parameters
calculated by the proposed procedure are compared with those calculated by MoM.
Geometrical dimensions are set to be r = 20cm, d = 1mm, and h = 2cm. Resonant frequency
is designed to be 13.2MHz. Figure 14(a) shows the real part and the imaginary part of the
input impedance. Figure 15(a) shows frequency characteristics of S parameters. From the S11 ,
two resonant modes, that is odd mode and even mode, are conﬁrmed. It is proved that the
procedure to calculate equivalent circuit parameters is adequate.
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Fig. 16. Far ﬁeld radiation power
In the case of the indirect-fed model, input impedance and S parameters are calculated
through impedance matrix Z:
Z = jωZ I + Z E + Z R
(31)
where
⎡

⎤
L1 M12 M13 M14
⎢ M12 L2 M23 M24 ⎥
⎥
ZI = ⎢
⎣ M13 M23 L3 M34 
M14 M24 M34 L4


1
1
Z E = diag ZS ,
,
,Z
jωC0 jωC0 L
Z R = ( R L + Rr )I.

(32)

(33)
(34)

and diag(·) and I show diagonal matrix and identity matrix, respectively.
Far-ﬁeld radiation power is calculated from
Pr =

1
Rr | I1 + I2 + I3 + I4 |2 .
2

(35)

Figure 14(b) and 15(b) shows calculation result. MoM result almost agreed with the result of
the equivalent circuit. However, in comparison with the direct-fed type, error can be seen. In
the case of the indirect-fed type, the feeding loop is closed to the resonant loop. It is considered
that this error is caused by stray capacitance between feeding loop and resonant loop.
In the equivalent circuit, total power dissipated in the radiation resistance becomes
Pr =

1
Rr | I1 |2 + Rr | I2 |2 .
2

(36)

However, far-ﬁeld radiation due to TX and RX loops is added in ﬁeld strength, not in power.
Thus, radiation power Pr is calculated considering phase of current:
Pr =
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Figure 16(a) and 16(b) shows calculated result. In this graph, power is normalized by the
incident power to the port 1. It is shown that the proposed procedure has a capability to
estimate far-ﬁeld radiation power correctly.
Figure 17 shows dependency of S parameters on distance of transmitting at the resonant
frequency. It is conﬁrmed that the equivalent circuit represent S parameters correctly.
Figure 18 shows effect of conductivity on S parameters. It is shown that conductivity of
material is adequately taken account in the equivalent circuit.
To discuss the limitation of the equivalent circuit, we calculated S parameters with respect
to the radius of the loop. Figure 19 shows S parameter of radius 10cm(2πr=0.0276λ),
30cm(2πr=0.0830λ), 40cm(2πr=0.1106λ), 50cm(2πr=0.1382λ). When the radius of the loop
becomes larger, the MoM result is not in accordance with the result of the equivalent circuit.
It is considered that when the loop becomes large, circumference is not negligible compared
to the wavelength then current distribution on the coil becomes not uniform.
3.4 Experimental validation

To validate simulation result, experimental model was fabricated. Figure 20(a) shows
conﬁguration of the experimental model. Copper wire and 100pF ceramic capacitors were
used.
Measured S parameters using VNA are shown in Fig.20(b). S parameters obtained by the
equivalent circuit are also plotted. For the equivalent circuit, conductivity is ﬁt to consistent
with the experimental value. Conductivity of 1.90 × 104 [1/m ·Ω] gave most suitable S
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parameters for the experimental result whereas literature value is 6.80 × 107 [1/m ·Ω]. It is
considered that a cause of the error is dielectric loss of the capacitor.

4. Conclusion
In this chapter, resonant mechanism of magnetic-coupled resonant wireless power transfer
was demonstrated. There are odd mode and resonant mode resonance. In the odd mode
resonance, port current of input port and output port are opposite polarity. Electric wall is
formed between TX and RX. Resonant frequency becomes lower because total inductance
becomes self inductance plus mutual inductance. Since far-ﬁeld radiation from TX and RX
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are in-phase, undesired emission becomes large. In the even mode resonance, port current of
input port and output port are same polarity. Magnetic wall is formed between TX and RX.
Resonant frequency becomes higher because total inductance becomes self inductance minus
mutual inductance. Since far-ﬁeld radiation from TX and RX are out-of-phase, undesired
emission becomes small. From the viewpoint of low undesired emission, even mode resonant
is better to use.
Next, equivalent circuit of WPT system and procedure to calculate its parameters from
geometrical dimensions was shown. Both radiation loss and conductive loss are taken into
account in the equivalent circuit. MoM calculation shows that the equivalent circuit has
capability to calculate S parameters and far-ﬁeld radiation power correctly. It is expected
to utilize the equivalent circuit to design a matching network.
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