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1. Introduction 

A wind turbine is a device that extracts kinetic energy from the wind and converts it into 

mechanical energy. Therefore wind turbine power production depends on the interaction 

between the rotor and the wind. So the major aspects of wind turbine performance like 

power output and loads are determined by the aerodynamic forces generated by the wind. 

These can only be understood with a deep comprehension of the aerodynamics of steady 

state operation. Accordingly, this chapter focuses primarily on steady state aerodynamics.  

2. Aerodynamics of HAWTs  

The majority of the chapter details the classical analytical approach for the analysis of 
horizontal axis wind turbines and the performance prediction of these machines. The 
analysis of the aerodynamic behaviour of wind turbines can be started without any specific 
turbine design just by considering the energy extraction process. A simple model, known as 
actuator disc model, can be used to calculate the power output of an ideal turbine rotor and 
the wind thrust on the rotor. Additionally more advanced methods including momentum 
theory, blade element theory and finally blade element momentum (BEM) theory are 
introduced. BEM theory is used to determine the optimum blade shape and also to predict 
the performance parameters of the rotor for ideal, steady operating conditions. Blade 
element momentum theory combines two methods to analyze the aerodynamic performance 
of a wind turbine. These are momentum theory and blade-element theory which are used to 
outline the governing equations for the aerodynamic design and power prediction of a 
HAWT rotor. Momentum theory analyses the momentum balance on a rotating annular 
stream tube passing through a turbine and blade-element theory examines the forces 
generated by the aerofoil lift and drag coefficients at various sections along the blade. 
Combining these theories gives a series of equations that can be solved iteratively.  

2.1 Actuator Disc Model 

The analysis of the aerodynamic behaviour of wind turbines can be started without any 

specific turbine design just by considering the energy extraction process. The simplest 

model of a wind turbine is the so-called actuator disc model where the turbine is replaced 

by a circular disc through which the airstream flows with a velocity U  and across which 

there is a pressure drop from up  to dp  as shown in Fig. 1. At the outset, it is important to 

stress that the actuator disc theory is useful in discussing overall efficiencies of turbines but 
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it cannot be utilized to design the turbine blades to achieve a desired performance. Actuator 

disc model is based on the assumptions like no frictional drag, homogenous, 

incompressible, steady state fluid flow, constant pressure increment or thrust per unit area 

over the disk, continuity of velocity through the disk and an infinite number of blades. 
 

 

Fig. 1. Actuator Disk Model 

The analysis of the actuator disk theory assumes a control volume in which the boundaries 

are the surface walls of a stream tube and two cross-sections. In order to analyze this control 

volume, four stations (1: free-stream region, 2: just before the blades, 3: just after the blades, 

4: far wake region) need to be considered (Fig. 1). The mass flow rate remains the same 

throughout the flow. So the continuity equation along the stream tube can be written as 

 貢畦著戟著 噺 貢畦鳥戟鳥 噺 貢畦栂戟栂  (1) 

Assuming the continuity of velocity through the disk gives Eqn 2. 

 U態 噺 U戴 噺 U琢  (2) 

For steady state flow the mass flow rate can be obtained using Eqn 3. 

 兼岌 噺 貢畦戟眺 (3) 

Applying the conservation of linear momentum equation on both sides of the actuator disk 

gives Eqn 4. 

 劇 噺 兼岌 岫戟著 伐 戟栂岻 (4) 

Since the flow is frictionless and there is no work or energy transfer is done, Bernoulli 

equation can be applied on both sides of the rotor. If we apply energy conservation using 

Bernoulli equation between station 1 and 2, then 3 and 4, Eqn 5 and Eqn 6 can be obtained 

respectively.  

喧鳥 髪 なに貢戟眺態 噺 喧墜 髪 なに貢戟栂態  
(5)
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喧墜 髪 なに貢戟著態 噺 喧通 髪 なに貢戟眺態 
(6)

Combining Eqn 5 and 6 gives the pressure decrease p′ as 

喧′ 噺 なに貢岫戟∞
態 伐 戟栂態 岻 

(7)

Also the thrust on the actuator disk rotor can be expressed as the sum of the forces on each 
side 

 劇 噺 畦喧嫗  (8) 

where 

 喧嫗 噺 岫喧通 伐 喧鳥岻 (9) 

Substituting equation 7 into equation 8 gives the thrust on the disk in more explicit form. 

劇 噺 なに畦貢岫戟∞
態 伐 戟栂態 岻 

(10) 

Combining Eqn 3, 4 and 10 the velocity through the disk can be obtained as 

戟眺 噺 戟∞ 髪 戟栂に  
(11) 

Defining the axial induction factor α as in Eqn 12  

欠 噺 戟∞ 伐 戟眺戟∞
 

(12) 

gives Eqn 13 and 14. 

 戟眺 噺 戟著岫な 伐 欠岻 (13) 

 戟栂 噺 戟著岫な 伐 に欠岻 (14) 

To find the power output of the rotor Eqn 15 can be used. 

 鶏 噺 劇戟眺  (15) 

By substituting equation 10 into 15 gives the power output based on the momentum balance 

on both sides of the actuator disk rotor in more explicit form. 

鶏 噺 なに貢岫戟∞
態 伐 戟栂態 岻戟眺  

(16) 

Also substituting equations 13 and 14 into equation 15 gives 

 鶏 噺 に貢畦欠戟著戴 岫な 伐 欠岻態 (17) 

Finally the performance parameters of a HAWT rotor (power coefficient C沢, thrust 

coefficient C鐸, and the tip-speed ratio λ) can be expressed in dimensionless form which is 

given in Eqn 18, 19 and 20 respectively. 
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系牒 噺 に鶏貢戟∞
戴講迎態 (18) 

系脹 噺 に劇貢戟∞
態講迎態 (19) 

膏 噺 迎硬戟∞
 

(20) 

Substituting Eqn 17 into Eqn 18, the power coefficient of the rotor can be rewritten as  

 系牒 噺 4欠岫な 伐 欠岻態 (21) 

Also using the equations 10, 13 and 17 the axial thrust on the disk can be rewritten as 

 劇 噺 に畦欠貢岫な 伐 欠岻戟著態  (22) 

Finally substituting equation 22 into equation 19 gives the thrust coefficient of the rotor as 

 系脹 噺 4欠岫な 伐 欠岻 (23) 

2.2 Rotating annular stream tube analysis 

Thus far the method is developed on the assumption that there was no rotational motion. To 
extend the method developed, the effects of this rotational motion needs to be included so it 
is necessary to modify the qualities of the actuator disk by assuming that it can also impart a 
 

 

Fig. 2. Title Rotating Annular Stream Tube Analysis 
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rotational component to the fluid velocity while the axial and radial components remain 
unchanged. Using a rotating annular stream tube analysis, equations can be written that 
express the relation between the wake velocities (both axial and rotational) and the 
corresponding wind velocities at the rotor disk. 
This analysis considers the conservation of angular momentum in the annular stream tube 
(Fig. 2). If the condition of continuity of flow is applied for the annular element taken on the 
rotor plane Eqn 24 can be written. 

 憲栂堅栂穴堅栂 噺 憲堅穴堅 (24) 

Applying the conservation of the angular momentum on upstream and the wake region of 
the flow domain gives 

 拳栂堅栂態 噺 拳堅態 (25) 

Also the torque caused by the angular momentum balance on the differential annular 
element can be obtained using Eqn 26.  

 穴芸 噺 貢憲拳堅態穴畦 (26) 

where 穴畦 噺 に堅講穴堅. Also applying the Bernoulli equation between station 1 and 2 then 
between 3 and 4 gives Bernoulli’s constants as 

茎墜 噺 喧墜 髪 なに貢戟著態 噺 喧通 髪 なに貢岫憲態 髪 懸態岻 

茎怠 噺 喧鳥 髪 なに貢岫憲態 髪 懸態 髪拳態堅態岻 噺 喧栂 髪 なに貢岫憲栂態 髪 堅栂態拳栂態岻 

And taking the difference between these constants gives 

茎墜 伐茎怠 噺 喧嫗 伐 なに貢岫拳態堅態岻 

Which means the kinetic energy of the rotational motion given to the fluid by the torque of 
the blade is equal to 伐岫な/に岻貢岫拳態堅態岻. So the total pressure head between both sides of the 
rotor becomes 

喧墜 伐 喧栂 噺 なに貢岫憲栂態 伐 戟∞
態岻 髪 なに拳栂態貢堅栂態 髪 岫茎墜 伐茎怠岻噺 なに貢岫憲栂態 伐 戟∞

態岻 髪 なに貢岫拳栂態堅栂態 伐 拳態堅態岻 髪 喧′
 

(27) 

Applying the Bernoulli’s equation between station 2 and 3 gives the pressure drop as 

喧嫗 噺 なに貢岷伐硬態 髪 岫硬 髪 拳岻態峅堅態 噺 貢 岾硬 髪 拳に峇拳堅態 
(28) 

Substituting this result into the equation 27 gives 

喧墜 伐 喧栂 噺 なに貢岫憲栂態 伐 戟著態 岻 髪 貢 岾硬 髪 拳に峇 堅栂態拳栂  
(29) 
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In station 4, the pressure gradient can be written as 穴喧栂穴堅栂 噺 貢堅栂拳栂態  
(30) 

Differentiating Eqn 29 relative to r歎 and equating to equation 30 gives なに 穴穴堅栂 岫戟著態 伐 憲栂態 岻 噺 岫硬 髪 拳栂岻 穴穴堅栂 岫堅栂態拳栂岻 
(31) 

The equation of axial momentum for the given annular blade element in differential form 

can be written as 

 穴劇 噺 貢憲栂岫戟著 伐 憲栂岻穴畦栂 髪 岫喧墜 伐 喧栂岻穴畦栂  (32) 

Since dT 噺 p嫗dA, Eqn 32 can be written as Eqn 33. 穴劇 噺 貢 岾硬 髪 拳に峇拳堅態穴畦 
(33) 

Finally, combining Eqn 24, 27, 32 and 33 gives なに 岫戟著伐憲栂 岻態 噺 磐硬 髪 拳栂/に憲栂 伐 硬 髪拳/に戟著 卑 憲栂 堅栂態拳栂  
(34) 

An exact solution of the stream-tube equations can be obtained when the flow in the 

slipstream is not rotational except along the axis which implies that the rotational 

momentum 	wr態 has the same value for all radial elements. Defining the axial velocities as u 噺 U著岫な 伐 a岻	and	u歎 噺 U著岫な 伐 b岻 gives 

 

(35) 

Also the thrust on the differential element is equal to 

 

(36) 

Using Eqn 28 Eqn 36 can be rewritten as 

 

(37) 

If the angular induction factor is defined as	a嫗 噺 歎態智, then dT becomes 

 
(38) 

In order to obtain a relationship between axial induction factor and angular induction factor, 

Eqn 37 and 38 can be equated which gives 
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(39) 

Using Eqn 26 the torque on the differential element can be calculated as 

 
(40) 

The power generated at each radial element is given by dP 噺 ΩdQ. Substituting Eqn 40 into 
this equation gives 

 

(41) 

Also the power coefficient for each differential annular ring can be written as 

 

(42) 

Substituting Eqn 41 into the Eqn 42 and integrating from hub tip speed ratio to the tip speed 
ratio gives power coefficient for the whole rotor. 

 

(43) 

By solving Eqn 39 for a嫗 in terms of	a Eqn 44 can be obtained. 

 

(44) 

Solving the equations 43 and 44 together for the maximum possible power production gives 

 

(45) 

Also substituting Eqn 45 into Eqn 39 gives the angular induction factor for maximum power 
in each annular ring. 

 
(46) 

Differentiating Eqn 45 with respect to axial induction factor at rotor plane, a relationship 
between r, dλ and da can be obtained. 

 

(47) 

Finally, substituting the Eqn 45, 46, 47 into the Eqn 43 gives the maximum power coefficient 
of the rotor 

 

(48) 
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Where a怠 is the corresponding axial induction factor for λ嘆 噺 λ竪 and  a態 is the corresponding 
axial induction factor for λ嘆 噺 λ. 

2.3 Blade element theory 

Until this point the momentum theory is tried to be explained on account of HAWT rotor 
design but it does not consider the effects of rotor geometry characteristics like chord and 
twist distributions of the blade airfoil. For this reason blade element theory needs to be 
added to the design method. In order to apply blade element analysis, it is assumed that the 
blade is divided into N sections. This analysis is based on some assumptions including no 
aerodynamic interactions between different blade elements and the forces on the blade 
elements are solely determined by the lift and drag coefficients. 
 

 

Fig. 3. Rotating Annular Stream Tube 

Since each of the blade elements has a different rotational speed and geometric 
characteristics they will experience a slightly different flow. So blade element theory 
involves dividing up the blade into a sufficient number (usually between ten and twenty) of 
elements and calculating the flow at each one (Fig. 3, 4). Overall performance characteristics 
of the blade are then determined by numerical integration along the blade span. 
 

 

Fig. 4. The Blade Element Model 
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Lift and drag coefficient data are available for a variety of airfoils from wind tunnel data. Since 
most wind tunnel testing is done with the aerofoil stationary, the relative velocity over the 
airfoil is used in order to relate the flow over the moving airfoil with the stationary test (Fig. 5). 
 

 

Fig. 5. Blade Geometry for the analysis of a HAWT Rotor 

Examining Fig. 5, the following equations can be derived immediately. 

 

(49) 

 

(50) 

 

(51) 

 

(52) 

 

(53) 
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(54) 

If the rotor has B number of blades, Eqn 49, 51 and 52 can be rearranged. 

 

(55) 

 

(56) 

The elemental torque can be written as dQ 噺 rdL which gives Eqn 57. 

 

(57) 

Also Eqn 58 can be derived by examining Fig. 5. 

 

(58) 

The solidity ratio can be defined as 

 

(59) 

Finally, the general form of elemental torque and thrust equations becomes 

 

(60) 

 

(61) 

Eqn 60 and Eqn 61 define the normal force (thrust) and the tangential force (torque) on 

annular rotor section respectively.  

2.4 Blade Element Momentum (BEM) theory 

As it is stated before BEM theory refers to the determination of a wind turbine blade 

performance by combining the equations of general momentum theory and blade element 

theory, so Eqn 36 and 61 can be equated to obtain the following expression. 

 

(62) 

Also equating Eqn 40 and 60 in the same manner gives 

www.intechopen.com



 
Aerodynamics of Wind Turbines 13 

 

(63) 

By rearranging Eqn 63 and combining it with Eqn 50 

 

(64) 

can be written. In order to calculate the induction factors 欠 and 欠′, C第 can be set to zero. 

Thus the induction factors can be determined independently from airfoil characteristics. 

Subsequently, Eqn 62, 63 and 64 can be rewritten as Eqn 65, 66, and 67 respectively. 

 

(65) 

 

(66) 

 

(67) 

Finally, by rearranging Eqn 65, 66 and 67 and solving it for 欠 and 欠′, the following useful 

analytical relationships can be obtained. 

 

(68) 

 

(69) 

 

(70) 

 

(71) 

The total power of the rotor can be calculated by integrating the power of each differential 

annular element from the radius of the hub to the radius of the rotor. 

 

(72) 

And rewriting the power coefficient given in Eqn 18 using Eqn 72 gives 
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Using Eqn 60, 65 and 70 the power coefficient relation can be rearranged as 

 

(73) 

2.4.1 Tip losses 

At the tip of the turbine blade losses are introduced. The ratio of the average value of tip loss 

factor to that at a blade position is given in Fig. 6. As it is shown in the figure only near the 

tip the ratio begins to fall to zero so it is called ‘the tip-loss factor’. 

With uniform circulation the azimuthal average value of 欠 is also radially uniform but that 

implies a discontinuity of axial velocity at the wake boundary with a corresponding 

discontinuity in pressure. Whereas such discontinuities are acceptable in the idealized 

actuator disc situation they will not occur in practice with a finite number of blades. 

 

 

Fig. 6. Span-wise Variation of the Tip-loss Factor for a Blade with Uniform Circulation 

The losses at the blade tips can be accounted for in BEM theory by means of a correction 

factor, f which varies from 0 to 1 and characterizes the reduction in forces along the blade. 

An approximate method of estimating the effect of tip losses has been given by L. Prandtl 

and the expression obtained by Prandtl for tip-loss factor is given by Eqn 74. 

血 噺 に講 潔剣嫌貸怠 崔結捲喧 崛伐岫稽/に岻 峙な 伐 岫堅迎岻峩岾堅迎峇 嫌件券砿 崑崢 
(74) 

The application of this equation for the losses at the blade tips is to provide an approximate 

correction to the system of equations for predicting rotor performance and blade design. 

Carrying the tip-loss factor through the calculations, the changes will be as following: 

 穴芸 噺 4血講貢戟著硬欠嫗岫な 伐 欠岻堅戴穴堅 (75) 

 穴劇 噺 4血講貢戟著態 欠岫な 伐 欠岻堅穴堅 (76) 
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欠嫗な 伐 欠 噺 購系挑4血膏追 鎚沈津砿 
(78) 

欠嫗な 伐 欠嫗 噺 購系挑4血潔剣嫌砿 
(79) 

系挑 噺 4血嫌件券砿購 岫潔剣嫌砿 伐 膏追鎚沈津釘岻岫嫌件券砿 髪 膏追頂墜鎚釘岻 (80) 

欠 噺 なな 髪 釆 4血嫌件券態砿岫購系挑岻潔剣嫌砿挽 (81) 

欠嫗 噺 な釆4血潔剣嫌砿岫購系挑岻 伐 な挽 (82) 

系牒 噺 8膏態豹 血膏追戴欠嫗岫な 伐 欠岻 釆な 伐 系帖系挑 建欠券紅挽 穴膏追碇
碇廿  

(83) 

The results for the span-wise variation of power extraction in the presence of tip-loss for a 
blade with uniform circulation on a three-bladed HAWT operating at a tip speed ratio of 6 is 
shown in Fig. 7 and it clearly demonstrates the effects of tip-loss. 
 

 

Fig. 7. Span-wise Variation of Power Extraction 

Accordingly, for a selected airfoil type and a specified tip-speed ratio with blade length, the 
blade geometry can be designed for optimum rotor. And using these geometric parameters 
determined the aerodynamic performance of the rotor can be analyzed. 
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2.5 Blade design procedure 

The aerodynamic design of optimum rotor blades from a known airfoil type means 
determining the geometric parameters (such as chord length and twist angle distribution 
along the blade span) for a certain tip-speed ratio at which the power coefficient of the rotor 
is maximum. For this reason firstly the change of the power coefficient of the rotor with 
respect to tip-speed ratio should be figured out in order to determine the design tip-speed 
ratio λ辰 where the rotor has a maximum power coefficient. The blade design parameters will 
then be according to this design tip-speed ratio. Examining the plots between relative wind 
angle and local tip-speed ratio for a wide range of glide ratios gives us a unique relationship 
when the maximum elemental power coefficient is considered.  And this relationship can be 
found to be nearly independent of glide ratio and tip-loss factor. Therefore a general 
relationship can be obtained between optimum relative wind angle and local tip-speed ratio 
which will be applicable for any airfoil type. 

 

(85) 

Eqn 85 reveals after some algebra; 

 
(86) 

Having found the solution of determining the optimum relative wind angle for a certain 
local tip-speed ratio, the rest is nothing but to apply the equations from 80 to 83 derived 
from the blade-element momentum theory and modified including the tip loss factor. 
Dividing the blade length into N elements, the local tip-speed ratio for each blade element 
can then be calculated as 

 

(87) 

Then rewriting Eqn 86 for each blade element gives 

 

(88) 

In addition the tip loss correction factor for each element can be calculated as 

血沈 噺 に講 潔剣嫌貸怠 崔結捲喧 崛伐岫稽/に岻 峙な 伐 岫堅沈迎岻峩岾堅沈迎峇 嫌件券砿墜椎痛,沈 崑崢 
(89) 

The local chord-length for each blade element can then be determined using the following 
expression 

 

(90) 

where C宅凍刀棟套塔投  is chosen such that the glide ratio is minimum at each blade element. Also the 

twist distribution can easily be calculated by Eqn 91 

 

(91) 
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where α辰奪坦辿巽樽 is again the design angle of attack at which C宅凍刀棟套塔投  is obtained. Now chord-

length and twist distribution along the blade span are known and in this case lift coefficient 
and angle of attack have to be determined from the known blade geometry parameters. This 
requires an iterative solution in which for each blade element the axial and angular 
induction factors are firstly taken as the values equal to the corresponding designed blade 
elements. Then the actual induction factors are determined within an acceptable tolerance of 
the previous guesses during iteration. 

3. Conclusion 

The kinetic energy extracted from the wind is influenced by the geometry of the rotor 
blades. Determining the aerodynamically optimum blade shape, or the best possible 
approximation to it, is one of the main tasks of the wind turbine designer. Accordingly this 
chapter sets out the basis of the aerodynamics of HAWTs and the design methods based on 
these theories to find the best possible design compromise for the geometric shape of the 
rotor which can only be achieved in an iterative process. 
Performance analysis of HAWT rotors has been performed using several methods. In 
between these methods BEM model is mainly employed as a tool of performance analysis 
due to its simplicity and readily implementation. Most wind turbine design codes are based 
on this method. Accordingly the chapter explains the aerodynamics of HAWTs based on a 
step-by-step approach starting from the simple actuator disk model to more complicated 
and accurate BEM method.  
The basic of BEM method assumes that the blade can be analyzed as a number of 
independent elements in span-wise direction. The induced velocity at each element is 
determined by performing the momentum balance for an annular control volume 
containing the blade element. Then the aerodynamic forces on each element are calculated 
using the lift and drag coefficient from the empirical two-dimensional wind tunnel test data 
at the geometric angle of attack of the blade element relative to the local flow velocity. BEM 
theory-based methods have aspects by reasonable tool for designer, but they are not suitable 
for accurate estimation of the wake effects, the complex flow such as three-dimensional flow 
or dynamic stall because of the assumptions being made. 
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5. Nomenclature 

A: Area of wind turbine rotor r: Radial coordinate at rotor plane 
a: Axial induction factor at rotor plane r辿 : Blade radius for the ith blade element 
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a′: Angular induction factor T: rotor thrust 
B: Number of blades of a rotor U∞: Free stream velocity of wind C第: Drag coefficient of an airfoil U嘆奪狸: Relative wind velocity C宅: Lift coefficient of an airfoil U琢: Uniform wind velocity at rotor plane C沢: Power coefficient of wind turbine rotor α : Angle of attack  C鐸: Thrust coefficient of wind turbine rotor λ: Tip-speed ratio of rotor C鐸梼 :Local thrust coefficient of each annular 
rotor section 

λ辰: Design tip-speed ratio c辿: Blade chord length for the ith blade element  λ嘆: Local tip-speed ratio F第: Drag force on an annular blade element λ嘆,辿: Local tip-speed ratio for the ith blade 
element F宅: Lift force on an annular blade element θ辿: Pitch angle for the ith blade element f : Tip-loss factor φ誰丹担,辿: Optimum relative wind angle for 
the ith blade element f辿: Tip-loss factor for the ith blade element ρ : Air density H: Bernoulli’s constant  Ω : Angular velocity of wind turbine rotor m岌 : Air mass flow rate through rotor plane σ: Solidity ratio 

N: Number of blade elements ν: Kinematic viscosity of air 
P: Power output from wind turbine rotor γ: Glide ratio 
p′: Pressure drop across rotor plane Re: Reynolds number 
Q: rotor torque HAWT: Horizontal-axis wind turbine 
R: Radius of wind turbine rotor BEM: Blade element momentum 
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