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1. Introduction 
 

Filters are two-port networks used to control the frequency response in a system by 
permitting good transmission of wanted signal frequencies while rejecting unwanted 
frequencies. Generally there are four types of filters: low-pass, high-pass, band-pass, and 
band-stop.  
Microwave filter design has been a persistent and productive field for investigation from the 
very beginning of microwave engineering. Nowadays, high performance filters are needed 
in many microwave systems. Because of the importance of microwave filters, a great deal of 
material on the theory and design of filters is widely available in the literature. The purpose 
of this chapter is to introduce the basic theory of microwave filters, to describe how to 
design practical microwave filters, and to investigate ways of implementing high 
performance filters for modern communication systems. 

 
2. The lowpass prototype 
 

2.1 The lowpass prototype filters 
The lumped-element circuit of an n -order lowpass prototype filter is shown in Fig. 1. The 
circuit shown in Fig. 1(b) is the dual form of that shown in Fig. 1(a). Both forms give 
identical responses. In Fig. 1, 1g  to ng are the values of the inductances or capacitances of 
the reactive elements. 0g and 1ng  are the values of terminal immittances (usually pure 
resistances or conductances) of the source and load respectively.  The g -values for different 
types of lowpass filters are given in the following sections. 

 
2.2 Butterworth lowpass prototype filter 
A typical Butterworth, or “maximally flat”, lowpass response is shown in Fig. 2. The 
attenuation characteristic can be expressed by (Matthaei et al. 1980) 
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where   is the radian frequency variable, and c  is the frequency of the passband edge, or 
cut-off frequency, as defined in Fig. 2. The value of  is given by 
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where ArL is the attenuation at the cut-off frequency c , In most cases for Butterworth 
filters, c  is defined as the frequency of the 3-dB passband edge point. That is, ArL = 3 dB, 
and 1 . The parameter n in equation (1) is the order of the filter, or the number of reactive 
elements in the circuit. 
 

 
(a) 

 
(b) 

Fig. 1. (a) The prototype of lowpass filters and (b) its dual. 
 

 
Fig. 2. A typical Butterworth lowpass filter response. 
 
For the Butterworth filters with response of the form shown in Fig. 2, the element values, 
normalized to make 0g = 1 and c =1, can be calculated by 
 

1gg 1n0    
)n,1,2,k(]

n2
)1k2(sin[2gk   

(3) 

The above values can be used to find out the required inductances and capacitances in a real 
filter having a different cut-off frequency and different terminal impedances (or admittance 
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where c  is the new cut-off frequency and 0Z  is the new source and load impedance. 
 

 
Fig. 3. A typical Chebyshev lowpass filter response (Matthaei et al. 1980) . 

 
2.3 Chebyshev lowpass prototype filter 
A typical Chebyshev, or “equal-ripple”, lowpass response is shown in Fig. 3. The 
attenuation characteristic can be expressed by (Matthaei et al. 1980)  
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where 
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In this case, ArL is the maximum attenuation in the pass band, while c  is the equal-ripple 
band edge. The parameter n is the order of the filter. 
The normalized g -values for an n -order Chebyshev low-pass prototype filter can be 
calculated as follows: 
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where c  is the new cut-off frequency and 0Z  is the new source and load impedance. 
 

 
Fig. 3. A typical Chebyshev lowpass filter response (Matthaei et al. 1980) . 
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The above values can be used to find the required inductances and capacitances in a real 
filter to realize different cut-off frequency and source impedance by 
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where c  is the new cut-off frequency, SZ  is the new source impedance and LZ  is the load 
impedance. It should be noticed that, in the prototype filter, the impedances of the source 
and load could be different for a Chebyshev filter, while they are the same for the 
Butterworth case. 
Compared with a Butterworth filter of the same order, a Chebyshev response has a much 
sharper cut-off rate at the transition region, and usually a worse group delay distortion. 

 
2.4 Quasi-elliptic lowpass prototype filters 
The synthesis procedures of lowpass prototype filters with Butterworth and Chebyshev 
characteristics are given above. For these two types of responses, all of transmission zeros 
(attenuation poles) are at infinite frequencies. The inverse Chebyshev filters and elliptic 
filters have all of the transmission zeros at finite frequencies. They have a much better cut-
off rate in the transition region than Butterworth and Chebyshev filters (Rhodes, 1976).  
However, due to the difficulties in synthesis and realization of the inverse Chebyshev and 
elliptic filters, it is usually of more interest to develop alternative quasi-elliptic filters, which 
have transmission zeros at both finite and infinite frequencies (Rhodes & Alseyab, 1980). 
Especially quasi-elliptic filters with a single transmission zero (or a pair of transmission 

 

zeros for the transformed bandpass filters) at finite frequency are very attractive. This is not 
only because these filters can be exactly synthesized and physically realized with little 
practical difficulty, but also because they give important improvements compared with 
conventional Butterworth and Chebyshev filters (Levy, 1976). The typical response of quasi-
elliptic filters is shown in Fig. 4. The response of such filters has a generalized Chebyshev 
equal-ripple passband, and a different stopband with transmission zero(s). In filter 
realization, the transmission zero(s) are usually implemented by cross coupling a pair of 
nonadjacent elements of the filters. 
 

 
Fig. 4. A typical quasi-elliptic lowpass filter response (Rhodes & Alseyab, 1980). 
 
The attenuation characteristic of an n -order lowpass prototype filter with a single 
transmission zero at finite can be expressed by (Rhodes & Alseyab, 1980) 
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where  is given by equation (6) and the transfer function is given by  
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where n  is an odd number, and the transmission zeros are at a  and infinity. The 
transmission zero at a  is shown in Fig. 4, while the other one a  is the mirror 
image of the positive one.  
Another similar form of the transfer function is given by (Hong & Lancaster, 2000),  
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where the transmission zeros are at a  and infinity. Some useful quasi-elliptic filters 
have been synthesized in the reference (Hong & Lancaster, 2000). 
The general synthesis process to find the values of elements in the prototype quasi-elliptic 
lowpass filter has been given in the references (Rhodes & Alseyab, 1980; Levy, 1976). 
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The above values can be used to find the required inductances and capacitances in a real 
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where the transmission zeros are at a  and infinity. Some useful quasi-elliptic filters 
have been synthesized in the reference (Hong & Lancaster, 2000). 
The general synthesis process to find the values of elements in the prototype quasi-elliptic 
lowpass filter has been given in the references (Rhodes & Alseyab, 1980; Levy, 1976). 
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However, the exact synthesis procedure is quite complicated, and there does not exist 
closed-form formulas for the element values of quasi-elliptic filters as those for Butterworth 
and Chebyshev filters. Instead, a set of data is tabulated in the reference (Hong & Lancaster, 
2000) for practical design of quasi-elliptic filters up to eighth-order. 

 
3. The lowpass to bandpass transformation 
 

In this section, only Chebyshev lowpass and bandpass filters are discussed. Butterworth and 
quasi-elliptic filters can be studied in a similar manner. The lowpass prototype shown in  
Fig. 1(a) is used for the discussion, while the result will be the same if Fig. 1(b) were used 
instead. The transformation from lowpass to highpass and bandstop filters can be 
accomplished similarly. 
A typical Chebyshev bandpass filter response is shown in Fig. 5. The response can be related 
exactly to a corresponding lowpass prototype filter by the lowpass to bandpass mapping 
(Matthaei et al. 1980; Hong & Lancaster, 2001; Collin, 2001) 
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where c, are the frequency variable and the cut-off frequency of the lowpass prototype 
filter defined in the above sections respectively. 1 and 2 are the cut-off frequencies of the 
passband, and the centre frequency 0 is given by 
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The point   = 0 of the lowpass filter is seen to map into the points 0 of the 
transformed filter, and C  map into four points 1 and 2 . Thus the lowpass 
band of the prototype filter maps into the passband extending from 1  to 2  and 1  
to 2 , which represents bandpass filters with cut-off frequencies at 1  and 2 . The 
centre frequency 0 is the geometric mean of the cut-off frequencies. The transformed 
response for 0  is shown in Fig. 5, and the response for 0 is the mirror image of the 

positive one. 
 

 

 
Fig. 5. A typical Chebyshev bandpass filter response. 
 
According to equation (14), to obtain the transformed bandpass response, the shunt 
capacitance in the prototype lowpass filter needs to be changed to a new susceptance 
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which is equivalent to a shunt tuned resonator with a shunt capacitance kC  and a shunt 
inductance kL  given by 
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Similarly, the series inductance in the prototype filter should to be changed to a new 
reactance 
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which is equivalent to a series tuned resonator with a series capacitance kC  and a series 
inductance kL  given by 
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which is equivalent to a series tuned resonator with a series capacitance kC  and a series 
inductance kL  given by 
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The equivalent circuit of the transformed bandpass filter is shown in Fig. 6. 
 

 
Fig. 6. The equivalent circuit of a bandpass filter transformed from a lowpass filter. 

 
4. Transformation of bandpass filter using K- or J-inverters 
 

The filter shown in Fig. 6 consists of series tuned resonators alternating with shunt-tuned 
resonators. According to equation (18) and equation (20), such a filter is difficult to 
implement, because the values of the components are very different in the shunt and series 
tuned resonators. A way to modify the circuit is to use J - (admittance) or K - (impedance) 
inverters, so that all resonators can be of the same type. 

 
4.1 Impedance and admittance inverters 
An idealized impedance inverter operates like a quarter-wavelength line of characteristic 
impedance K  at all frequencies. As shown in Fig. 7(a), if an impedance inverter is loaded 
with an impedance of Z at one end, the impedance KZ seen from the other end is (Matthaei 
et al. 1980) 
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An idealized admittance inverter, which operates like a quarter-wavelength line with a 
characteristic admittance Y  at all frequencies, is the admittance representation of the same 
thing. As shown in Fig. 7(b), if the admittance inverter is loaded with an admittance of Y  at 
one end, the admittance JY seen from the other end is (Matthaei et al. 1980) 
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It is obvious that the loaded admittance Y can be converted to an arbitrary admittance by 
choosing an appropriate J  value. Similarly, the loaded impedance Z can be converted to an 
arbitrary impedance by choosing an appropriate K value. 
 

  
Fig. 7. Definition of K- (impedance) and J- (admittance) inverters. 

 

As indicated above, both the impedance and admittance inverters are like ideal quarter-
wave transformers. While K  denotes the characteristic impedance of an inverter and J  
denotes the characteristic admittance of an inverter, there are no conceptual differences in 
their inverting properties. An impedance inverter with characteristic impedance K  is 
identical to an admittance inverter with characteristic admittance J  = 1/K. Especially for a 
unity inverter, with a characteristic impedance of K = 1 and a characteristic admittance of 
J =1. 
Besides a quarter-wavelength line, there are some other circuits that operate as inverters. 
Some useful J - and K - inverters are shown in Fig. 8 and Fig. 9. It should be noticed that 
some of the inductors and capacitors have negative values. Although it is not practical to 
realize such components, they will be absorbed by adjacent resonant elements in the filter, 
as discussed in the following sections. It should also be noted that, since the inverters shown 
here are frequency sensitive, these inverters are best suitable for narrowband filters. It is 
shown in the reference (Matthaei et al. 1980) that, using such inverters, filters with 
bandwidths as great as 20 percent are achievable using half-wavelength resonators, or up to 
40 percent by using quarter-wavelength resonators. 
 

    
(a) J = 1/(L)    (b) J = C 

Fig. 8. Some circuits useful as J-Inverters. 
 

    
(a) K = L    (b) K = 1/(C) 

Fig. 9. Some circuits useful as K-Inverters. 

 
4.2 Conversion of shunt tuned resonators to series tuned resonators 
Because of the inverting characteristic indicated by equation (22), a shunt capacitance with a 
J -inverter on each side acts like a series inductance (Matthaei et al. 1980). Likewise, a shunt 
tuned resonator with a J -inverter on each side acts like a series tuned resonator. To verify 
this, a shunt tuned resonator, consisting of a capacitor C  and an inductor L , with a J -
inverter on each side is shown in Fig. 10(a). Both J -inverters have a value of J . If the circuit 
is loaded with admittance 0Y  of an arbitrary value at one end, from equation (22), the 
admittance Y  looking in at the other end is given by 
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The impedance is, therefore, 

0
22 Y

1
LJj
1

J
Cj

Y
1Z   (24) 

 
This impedance is equivalent to a series tuned resonator loaded with an impedance of 

00 Y/1Z  , as shown in Fig. 10(b). The capacitor of 1C and inductor 1L of the equivalent 
circuit are given by 
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Because the above equations are correct regardless the value of the load Y0, the two circuits 
shown in Fig. 10 are equivalent to each other. 
 

    
 

(a)    (b) 
Fig. 10. A shunt tuned resonator with J-inverters on both sides and its equivalent circuit. 
 
It is very useful for the discussion in the following sections to point out that, from equation 
(25), the transformed resonator can have an arbitrary impedance level 11 C/L tuned at the 
same frequency. That is, the shunt tuned circuit with J -inverters shown in Fig. 10(a) can be 
converted to a series tuned resonator with an arbitrary L1 or C1, as long as L1C1=LC, by 
choosing the inverter 
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Thus, the bandpass filter shown in Fig. 6 can be converted to a circuit with only shunt 
resonators by using J -inverters, as shown in Fig. 11. 

The dual case of a series tuned resonator with a K -inverter on each side can be derived in a 
similar manner. 
 

 
Fig. 11. The bandpass filter using only shunt resonators and J-inverters. 

 
 

 

4.3 Conversion of shunt resonators with different J-inverters 
In the above section, the shunt-tuned resonator is converted into a series tuned resonator by 
J -inverters of the same value at both ends. More generally, the inverters may have different 
values. Fig. 12(a) shows a shunt-tuned circuit with J -inverters at both ends. The resonator 
consists of a capacitor C and an inductor L. The J -inverters have a value of 1J on one end 
and 2J on the other. This circuit can be transformed to an equivalent circuit shown in  
Fig. 12(b), where the shunt tuned resonator has a capacitor C’ and an inductor L’, whereas 
LC=L’C’, and the J -inverters have values of J’1 and J’2 respectively.  
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Fig. 12. (a) A shunt tuned resonator with J-inverters of different values, and (b) its equivalent 
circuit. 
 
The circuit shown in Fig. 12(a) is not symmetrical. If the circuit is loaded with an admittance 
of Y0R at the right-hand-side end, the admittance YL and impedance ZL looking in at the left-
hand-side end are given by 
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Similarly, if the circuit is loaded with an admittance of Y0L at the left-hand-side end, the 
impedance ZR looking in at the other end are given by 
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In a similar manner, with a load at the one end, the impedance from the other end of the 
circuit shown in Fig. 12(b) can be given by 
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Similarly, if the circuit is loaded with an admittance of Y0L at the left-hand-side end, the 
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If the two circuits shown in Fig. 12 are equivalent, ZL ZL’ and ZR  ZR’, from equation (27) 
to equation (30), it can be obtained 
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This transformation is very useful in a sense that the bandpass the filter shown in Fig. 11 can 
be further converted to a circuit where all of the resonators have the same inductance and 
capacitance. Such conversion will be shown in the next section. 

 
4.4 Filter using the same resonators and terminal admittances 
In filter design, it is usually desirable to use the same resonators in a filter, and have the 
same characteristic impedances or admittances at the source and load. In this section, an n -
th order bandpass filter will be transformed to use the same shunt resonators tuned at the 
same frequency, with an inductance of L0 and a capacitance of C0, and the same terminal 
admittances Y0 at both ends.  
The equivalent circuit of a bandpass filter using only shunt resonators and J -inverters is 
shown in Fig. 11. As discussed in section 0, the admittance of the source and the load can be 
converted to the same value Y0 by adding a J -inverter, or changing the value of the J -
inverter if there is a J -inverter directly connected to the source or load. By the 
transformation discussed in section 0, the circuit shown in Fig. 11 can be transformed to  
Fig. 13, where all resonators have the same inductances L0 and capacitance C0. The values of 
the inverters are given by: 
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where   is the fractional bandwidth of the bandpass filter given by 
 

0
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where 1 , and 2  are the cut-off frequencies, and 0  is the centre frequency of the filter as 
defined in equation (15). The values of 1n210 gg,g,g   and c' are defined in the low-pass 
prototype filter discussed above. 
 

 

 
Fig. 13. A transformed bandpass filter using the same resonators. 
 
The above equations are based on the lumped-element equivalent circuit of the filter. More 
generalized form of these equations will be given in section 0. This transformation is very 
useful because all the resonators in the filter have the same characteristics, which makes the 
design and fabrication of the filter much easier. The above transformation can also be 
implemented by using series tuned resonators and K -inverters in a similar manner. 

 
5. Coupled-resonator filter 
 

The J -inverters in the filter shown in Fig. 13 can be replaced by any of the equivalent 
circuits shown in Fig. 8 or other equivalent circuits. One form of such filters is shown in  
Fig. 14, using the equivalent circuit shown in Fig. 8(b) for those J -inverters. The results of 
this section would still hold if other equivalent circuit were chosen for the inverters. 

 
Fig. 14. The transformed filter using the same resonators with capacitive couplings between 
resonators. 
 
In the filter shown in Fig. 14, the equivalent circuit of each J -inverter consists of one 
positive series capacitor and two negative shunt ones. In filter design, the positive 
capacitance represents the mutual capacitances between resonators, while the negative 
capacitors can be absorbed into the positive shunt capacitors in the resonators. It should be 
noted that the negative capacitances adjacent to the source and load cannot be absorbed this 
way. Further discussion about these negative capacitances will be given below in section 0.  
From equation (32), it is obvious that the knowledge of the equivalent circuit of the 
resonators will be needed to find out the values of the required J -inverters, whist the g-
values can be obtained from the low-pass prototype filter. Once the values of the J -
inverters are determined, the required mutual capacitances between resonators can then be 
calculated by the equation shown in Fig. 8(b). It should be noted that, as indicated in section 
0, the inverters shown in Fig. 8 are actually frequency dependent. However, in the narrow-
bandwidth near the centre frequency, the inverters can be regarded as frequency insensitive 
by approximating 
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where 000 CL/1 , and ,C,L 00  and 1k,kC   are defined in Fig. 14. 
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where   is the fractional bandwidth of the bandpass filter given by 
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where 1 , and 2  are the cut-off frequencies, and 0  is the centre frequency of the filter as 
defined in equation (15). The values of 1n210 gg,g,g   and c' are defined in the low-pass 
prototype filter discussed above. 
 

 

 
Fig. 13. A transformed bandpass filter using the same resonators. 
 
The above equations are based on the lumped-element equivalent circuit of the filter. More 
generalized form of these equations will be given in section 0. This transformation is very 
useful because all the resonators in the filter have the same characteristics, which makes the 
design and fabrication of the filter much easier. The above transformation can also be 
implemented by using series tuned resonators and K -inverters in a similar manner. 

 
5. Coupled-resonator filter 
 

The J -inverters in the filter shown in Fig. 13 can be replaced by any of the equivalent 
circuits shown in Fig. 8 or other equivalent circuits. One form of such filters is shown in  
Fig. 14, using the equivalent circuit shown in Fig. 8(b) for those J -inverters. The results of 
this section would still hold if other equivalent circuit were chosen for the inverters. 

 
Fig. 14. The transformed filter using the same resonators with capacitive couplings between 
resonators. 
 
In the filter shown in Fig. 14, the equivalent circuit of each J -inverter consists of one 
positive series capacitor and two negative shunt ones. In filter design, the positive 
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From equation (32), it is obvious that the knowledge of the equivalent circuit of the 
resonators will be needed to find out the values of the required J -inverters, whist the g-
values can be obtained from the low-pass prototype filter. Once the values of the J -
inverters are determined, the required mutual capacitances between resonators can then be 
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5.1 Internal and external coupling coefficients 
Due to the distributed-element nature of microwave circuits, it is usually difficult to find out 
the equivalent circuit of the resonators directly. It is therefore difficult to determine the 
required the values of the J -inverters, or mutual capacitances between resonators. 
However, from equation (32), it is possible to obtain the required ratio of the mutual 
capacitance to the shunt capacitance of each resonator without the knowledge of the 
equivalent circuit. For example, the ratio of the required mutual capacitance between 
resonators to the capacitance of each resonator is, from equation (32) and equation (34), 
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where   is the fractional bandwidth of the bandpass filter, and 1kkc g,g,'   are defined in 
the prototype lowpass filter. 1k,kM   is the strength of the internal coupling, or the coupling 
coefficient, between resonators. 
The external couplings between the terminal resonators and the source and load are defined 
in a similar manner by, with the approximation of equation (34), 
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The values of 1,0eQ  and 1n,neQ   are the strength of the external couplings, or the external 
quality factors, between the terminal resonators and the source/load. 
It can be seen from equation (35) and equation (36) that these required internal and external 
couplings can be obtained directly from the prototype low-pass filter and the passband 
details of the transformed bandpass filter, without specific knowledge of the equivalent 
circuit of the resonators. From equation (32), it can be proved that fixing the internal and 
external couplings as prescribed by equation (35) and equation (36) is adequate to fix the 
response of the filter shown in Fig. 14 (Matthaei et al. 1980). The following two sections will 
concentrate on experimentally determining these couplings. 

 
5.2 Determination of internal couplings by simulation 
After finding the required coupling coefficients and external quality factors for the desired 
filtering characteristics as discussed above, it is essential to experimentally determine these 
couplings in a practical circuit so as to find the dimensions of the filter for fabrication. This 
section describes the determination of the coupling coefficients between resonators by the 
use of full wave simulation. The details about the external couplings between the terminal 
resonators and the source and load are given in the next section. 
As discussed above, the same resonators are usually used in a filter. The equivalent circuit 
of a pair of coupled identical resonators is shown in Fig. 15, which can be regarded as part 

 

of the filter shown in Fig. 14. As the circuit is symmetrical, the admittance looking in at 
either side is, 
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At resonance, Yin=0. By equating the right-hand side of equation (37) to zero, four 
eigenvalues of the frequency  can be obtained. The two positive frequencies are given by 
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The other two negative frequencies are the mirror image of these positive ones. 
 

 
Fig. 15. The equivalent circuit of a pair of coupled identical resonators. 
 
If this circuit is weakly coupled to the exterior ports for measurement or simulation, the 
typical measured or simulated response for the scattering parameter S21 is as shown in Fig. 

16. More details of the measurement or simulation will be given in the next section. The two 

resonant frequencies as expressed in equation (38) are specified in Fig. 16. By inspecting 
equation (35) and equation (38), the coupling coefficient can be determined by, 
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5.1 Internal and external coupling coefficients 
Due to the distributed-element nature of microwave circuits, it is usually difficult to find out 
the equivalent circuit of the resonators directly. It is therefore difficult to determine the 
required the values of the J -inverters, or mutual capacitances between resonators. 
However, from equation (32), it is possible to obtain the required ratio of the mutual 
capacitance to the shunt capacitance of each resonator without the knowledge of the 
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where   is the fractional bandwidth of the bandpass filter, and 1kkc g,g,'   are defined in 
the prototype lowpass filter. 1k,kM   is the strength of the internal coupling, or the coupling 
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Fig. 16. A typical response of the coupled resonators shown in Fig. 15. 

 
5.3 Determination of external couplings by simulation 
The procedure to determine the strength of the external coupling, the external quality factor 
Qe, is somewhat different from determining the internal coupling coefficient between 
resonators. It is possible to take the corresponding part of the circuit, for example, the load, 
the last resonator and the inverter between them, from Fig. 14, and determine the external 
quality factor by measuring the phase shift of group delay of the selected circuit (Hong & 
Lancaster, 2001).  
More conveniently, a doubly loaded resonator shown in Fig. 17 is considered. One end of 
the circuit is the same as in Fig. 14, while another load and inverter of the same values are 
added symmetrically at the other end. The ABCD matrix of the whole circuit, except the two 
loads, is given by 
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where Ce = C0,1, or Cn,n+1 as defined in Fig. 14. The scattering parameter 21S can be calculated 
by 
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By substituting equation (36) and 000 CL/1 , this equation can be rewritten as 
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where Qe = Q0,1 or Qn,n+1 is the external quality factor for the source or load as defined in 
equation (36). At a narrow bandwidth around the resonant frequency, 

000 /2//   with  0 . The magnitude of 21S is given by 
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Fig. 17. The equivalent circuit of a doubly loaded resonator. 
 
If this circuit is connected to the exterior ports for measurement or simulation, the typical 
measured or simulated response of the doubly coupled resonator is shown in Fig. 18. It can 
be found from equation (43) that |S21| has a maximum value |S21| =1 (or 0 dB) at 0 , 
and the value falls to 0.707(or –3 dB) at 
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The two solutions of equation (44) are given by 

e

0
Q
  (45) 

 

The two corresponding frequencies e001 Q/ and e002 Q/ can be easily 
found by simulation or measurement as shown in Fig. 18. The external quality factor 
therefore can be given by 
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As indicated above, the external quality factor Qe is actually defined for a singly loaded 
resonator. One possible way to determine Qe of a singly coupled resonator is to measure the 
phase shift of group delay of the reflection coefficient (S11) of a singly loaded resonator, and 
the external quality factor is given by (Hong & Lancaster, 2001) 
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where oo 9090 and   are the frequencies at which the phase shifts are 90  respectively. 
The external qualify factor can also be given by (Hong & Lancaster, 2001) 
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where )( 0 is the group delay of 11S  at the centre frequency 0 . 
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Fig. 16. A typical response of the coupled resonators shown in Fig. 15. 

 
5.3 Determination of external couplings by simulation 
The procedure to determine the strength of the external coupling, the external quality factor 
Qe, is somewhat different from determining the internal coupling coefficient between 
resonators. It is possible to take the corresponding part of the circuit, for example, the load, 
the last resonator and the inverter between them, from Fig. 14, and determine the external 
quality factor by measuring the phase shift of group delay of the selected circuit (Hong & 
Lancaster, 2001).  
More conveniently, a doubly loaded resonator shown in Fig. 17 is considered. One end of 
the circuit is the same as in Fig. 14, while another load and inverter of the same values are 
added symmetrically at the other end. The ABCD matrix of the whole circuit, except the two 
loads, is given by 
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where Ce = C0,1, or Cn,n+1 as defined in Fig. 14. The scattering parameter 21S can be calculated 
by 
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By substituting equation (36) and 000 CL/1 , this equation can be rewritten as 
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where Qe = Q0,1 or Qn,n+1 is the external quality factor for the source or load as defined in 
equation (36). At a narrow bandwidth around the resonant frequency, 

000 /2//   with  0 . The magnitude of 21S is given by 
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Fig. 17. The equivalent circuit of a doubly loaded resonator. 
 
If this circuit is connected to the exterior ports for measurement or simulation, the typical 
measured or simulated response of the doubly coupled resonator is shown in Fig. 18. It can 
be found from equation (43) that |S21| has a maximum value |S21| =1 (or 0 dB) at 0 , 
and the value falls to 0.707(or –3 dB) at 
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The two solutions of equation (44) are given by 
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The two corresponding frequencies e001 Q/ and e002 Q/ can be easily 
found by simulation or measurement as shown in Fig. 18. The external quality factor 
therefore can be given by 
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As indicated above, the external quality factor Qe is actually defined for a singly loaded 
resonator. One possible way to determine Qe of a singly coupled resonator is to measure the 
phase shift of group delay of the reflection coefficient (S11) of a singly loaded resonator, and 
the external quality factor is given by (Hong & Lancaster, 2001) 
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where )( 0 is the group delay of 11S  at the centre frequency 0 . 
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Fig. 18. The typical response of a doubly coupled resonator. 
 
Another more practical way to determine the external quality factor of a singly loaded 
resonator is to use an equivalent circuit shown in Fig. 19. The circuit is similar to Fig. 14, 
except that one end of the circuit has the external coupling to be measured, while the other 
end has a relatively much weaker coupling, namely Cw « Ce. The ABCD matrix of the circuit 
can be expressed as, similar to equation (40), 
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Fig. 19. The equivalent circuit of a singly loaded resonator. It is called “singly” loaded 
because the coupling at one end, represented by Ce’s, is much stronger than the coupling at 
the other end, represented by Cw’s. 
The scattering parameter 21S  can be obtained, similarly to equation (42), by 
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It is obvious that if Cw= Ce, this equation is the same as equation (42). Here as Cw «Ce, 
equation (50) can be rewritten as, 
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The typical response of the circuit is very similar to Fig. 18, except that the value of |S21| has 

a maximum value of 2Cw/Ce [or 20log(2Cw/Ce) dB] at 0 . The value is 3 dB lower at 
frequencies where   is given by, 
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The two corresponding frequencies are )Q2/( e001  and )Q2/( e002  . The 
external quality factor, therefore, can be determined by 
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5.4 Equivalent circuit of the inverters at the source and load 
In the above discussion, some negative shunt capacitances are used to realize the inverters. 
Most of these negative capacitances can be absorbed by the adjacent resonators. However, 
this absorption procedure does not work for the inverters between the end resonators and 
the terminations (source and load), as the terminations usually have pure resistances or 
conductances. 
This difficulty can be avoided if another equivalent circuit, shown in Fig. 20, is used for the 
J -inverter. As indicated above, by using any equivalent circuits to realize the required 

inverters, the filter response will be the same. All the methods to determine the external 
quality factor as described by equations (46), (47), (48) and (53) are still valid. 
In the circuit shown in Fig. 20, at the resonant frequency, the admittance looking in from the 
resonator towards the source is given by 
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Because the required value of the J -inverter is 1,0e JJ  , or 1n,nJ   as defined in Fig. 13, the 

required admittance is therefore 0
2

e Y/J . By equating this value to the real part of inY , two 
solutions of Cb can be obtained, and the positive one is given by 
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By equating the imaginary part of Yin to 0, Ca can be found by 
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This negative shunt capacitance can be absorbed by the resonator. 
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Fig. 18. The typical response of a doubly coupled resonator. 
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Fig. 19. The equivalent circuit of a singly loaded resonator. It is called “singly” loaded 
because the coupling at one end, represented by Ce’s, is much stronger than the coupling at 
the other end, represented by Cw’s. 
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The typical response of the circuit is very similar to Fig. 18, except that the value of |S21| has 
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J -inverter. As indicated above, by using any equivalent circuits to realize the required 
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Because the required value of the J -inverter is 1,0e JJ  , or 1n,nJ   as defined in Fig. 13, the 

required admittance is therefore 0
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e Y/J . By equating this value to the real part of inY , two 
solutions of Cb can be obtained, and the positive one is given by 
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By equating the imaginary part of Yin to 0, Ca can be found by 
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This negative shunt capacitance can be absorbed by the resonator. 
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Fig. 20. Another equivalent circuit to realize the inverter between the end resonator and the 
termination. 

 
5.5 More generalized equations 
Since purely lumped elements are difficult to realize at microwave frequencies, it is usually 
more desirable to construct the resonators in a distributed-element form. Such a resonator 
can be characterized by its centre frequency 0  and its susceptance slope parameter 
(Matthaei et al. 1980) 
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where B is the susceptance of the resonator. For a shunt tuned lumped-element resonator, 
equation (57) can be simplified as )L/(1C 00  . The values of J -inverters for filters 
using distributed-element resonators can be calculated by replacing 00C  with 0  in 
equation (32), where 0 is the susceptance slope parameter of the distributed-element 
resonators. More generally, if the slope parameter of each resonator is different from the 
others, equation (32) can be rewritten as (Matthaei et al. 1980) 
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where k is the susceptance slope parameter of k -th resonator,   is given in equation (33), 
and the values of 1n210 gg,g,g   and c' are defined in the low-pass prototype filter. The 
definition of the coupling coefficient equation (35) can be modified to (Matthaei et al. 1980), 
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If it is possible to find the equivalent capacitances Ck, Ck+1 for the k-th and (k+1)-resonators, 
and the equivalent mutual capacitance Ck,k+1 in the vicinity of the centre frequency, the 
coupling coefficient Mk,k+1 can be expressed by 
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In a similar manner, equation (36) can be modified to 
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Or, if the equivalent capacitances in the vicinity of the centre frequency of the terminal 
resonators can be found, 
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For the case when a filter uses resonators tuned at different frequencies, the determination 
of the coupling coefficients are described in Chapter 8 of the reference (Hong & Lancaster, 
2001). 

 
6. Design example of a Chebyshev filter 
 

At microwave and millimetre wave frequencies, filters are not usually built by using the 
lumped-element components as discussed above, but by utilizing transmission lines, usually 
called distributed-element components. The complex behaviour of the distributed-element 
components makes it very difficult to develop a complete synthesis procedure for 
microwave filters. It is, however, possible to approximate the behaviour of ideal capacitors 
and inductors by using appropriate microwave components in a limited frequency range. 
Thus the microwave filter is realized by replacing capacitors and inductors in the lumped-
element filters by suitable microwave components with similar frequency characteristics in 
the frequency band of interest. The microwave filter design procedure is further simplified 
by the aid of CAD program. 

 
6.1 Filter synthesis 
In this section, a three-pole Chebyshev bandpass filter with a fractional bandwidth of 
0.461% centred at 610 MHz, and a ripple of 0.01dB in the passband, will be designed by 
simulation (Sonnet Software, 2009) using the above theory. 
Firstly, the g -values of the three-pole Chebyshev prototype lowpass filter, with a ripple of 
0.01 dB, can be calculated by equation (7): g0=1, g1=0.6291, g2=0.9702, g3=0.6291 and g4=1. 
Substituting these values with c’=1 and the fractional bandwidth 0.461% into equation (35) 
and (36) results in, 

M1,2 = M2,3 = 0.005901 (63) 
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Fig. 20. Another equivalent circuit to realize the inverter between the end resonator and the 
termination. 
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For the case when a filter uses resonators tuned at different frequencies, the determination 
of the coupling coefficients are described in Chapter 8 of the reference (Hong & Lancaster, 
2001). 
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lumped-element components as discussed above, but by utilizing transmission lines, usually 
called distributed-element components. The complex behaviour of the distributed-element 
components makes it very difficult to develop a complete synthesis procedure for 
microwave filters. It is, however, possible to approximate the behaviour of ideal capacitors 
and inductors by using appropriate microwave components in a limited frequency range. 
Thus the microwave filter is realized by replacing capacitors and inductors in the lumped-
element filters by suitable microwave components with similar frequency characteristics in 
the frequency band of interest. The microwave filter design procedure is further simplified 
by the aid of CAD program. 

 
6.1 Filter synthesis 
In this section, a three-pole Chebyshev bandpass filter with a fractional bandwidth of 
0.461% centred at 610 MHz, and a ripple of 0.01dB in the passband, will be designed by 
simulation (Sonnet Software, 2009) using the above theory. 
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Qe 0,1 = Qe 3,4 = 136.5 
 
where M1,2 and M2,3 are the coupling coefficients between resonators, and Qe 0,1 and Qe 3,4 are 
the external factors between the end resonators and the terminations (source and load). 

 
6.2 Determination of the couplings by simulation 
The shape and dimensions of a microstrip resonator centred at 610 MHz are shown in  
Fig. 21. The centre frequency can be tuned in a small range by changing the lengths of the 
stubs A and B. The resonator is designed on a 0.50 mm thick MgO substrate. More details on 
the design of this resonator can be found in the reference (Zhou et al., 2005).  
To determine the coupling strength between resonators, the structure shown in Fig. 22(a) is 
used for simulation. The couplings between the resonators and the feed lines are much 
weaker than that between the two resonators. As discussed in section 0, two resonant 
frequencies will be obtained from the simulation as shown in Fig. 22(b), similar to Fig. 16. 
The coupling coefficient can be extracted by using equation (39). The coupling coefficient is 
a function of the distance d between the resonators, and the relationship between the 
coupling strength and the distance d is shown in Fig. 23. It can be found in Fig. 23 that two 
resonators with a distance of 0.60 mm have a coupling coefficient 0.0059, which is very close 
to the required value of 0.005901. 
 

 
Fig. 21. Layout of the resonator centred at 610 MHz. The minimum line and gap widths are 
0.050 mm. Other detailed dimensions are shown in the figure (unit: mm). 
 

  
(a)      (b) 

Fig. 22. (a) The structure to determine the coupling strength between resonators in the 
simulation, and (b) the simulated response for d = 0.6 mm. 
 
The external coupling between the end resonator and the termination is realized by a tapped 
line, as shown in Fig. 24(a). The length t along the signal line of the resonator, from the 
tapped line to the middle of the resonator, controls the strength of the external coupling. The 

 

resonator is weakly coupled to the other feed line, so that the circuit can be regarded as a 
singly loaded resonator as discussed in section 0. The wide microstrip line connected to port 
1 has a characteristic impedance of 50 ohm, the length of which does not affect the response 
of the circuit.  
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Fig. 23. The coupling coefficient against the distance between the resonators. 
 
The simulated response is shown in Fig. 24(b), similar to Fig. 18, and the external quality 
factor can be extracted by using equation (53). The relationship between the external quality 
factor and the length t is shown in Fig. 25. It can be found that t = 4.2 mm gives an external 
Q of 135, which is close to the required value of 136.5. 
 

  
(a)     (b) 

Fig. 24. (a) The structure to determine the external coupling between the end resonator and 
the termination in the simulation (unit: mm) and (b) the simulated response for t = 3.9 mm. 
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Fig. 25. The external coupling strength against the length from the tapped line to the middle 
of the resonator. 
 
It should be noted that the position of the tapped line also affects the centre frequency of the 
end resonator. Therefore the dimensions of the end resonator need to be changed slightly to 
keep the desired centre frequency. This is done by changing the length of the stubs A and B 
as shown in Fig. 24.  
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Fig. 22. (a) The structure to determine the coupling strength between resonators in the 
simulation, and (b) the simulated response for d = 0.6 mm. 
 
The external coupling between the end resonator and the termination is realized by a tapped 
line, as shown in Fig. 24(a). The length t along the signal line of the resonator, from the 
tapped line to the middle of the resonator, controls the strength of the external coupling. The 

 

resonator is weakly coupled to the other feed line, so that the circuit can be regarded as a 
singly loaded resonator as discussed in section 0. The wide microstrip line connected to port 
1 has a characteristic impedance of 50 ohm, the length of which does not affect the response 
of the circuit.  
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Fig. 23. The coupling coefficient against the distance between the resonators. 
 
The simulated response is shown in Fig. 24(b), similar to Fig. 18, and the external quality 
factor can be extracted by using equation (53). The relationship between the external quality 
factor and the length t is shown in Fig. 25. It can be found that t = 4.2 mm gives an external 
Q of 135, which is close to the required value of 136.5. 
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Fig. 24. (a) The structure to determine the external coupling between the end resonator and 
the termination in the simulation (unit: mm) and (b) the simulated response for t = 3.9 mm. 
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Fig. 25. The external coupling strength against the length from the tapped line to the middle 
of the resonator. 
 
It should be noted that the position of the tapped line also affects the centre frequency of the 
end resonator. Therefore the dimensions of the end resonator need to be changed slightly to 
keep the desired centre frequency. This is done by changing the length of the stubs A and B 
as shown in Fig. 24.  
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Fig. 26 Layout and dimensions of the three-pole Chebyshev filter (unit: mm), where t = 4.3 
and d = 0.60 after optimisation. More detailed dimensions of the resonators can be found in 
Fig. 21 and Fig. 24(a). 
 
For the required external Q for this filter, the length of A and B is found to be 1.4 mm, which 
compares to the length of 1.625 mm in the original resonator shown in Fig. 21. 
The filter is formed in a shape as shown in Fig. 26. It will be discussed blow that further 
optimization of the filter is required to achieve optimal performance. 

 
6.3 Circuit optimisation and simulated response 
The theoretical response of the three-pole Chebyshev filter designed is shown in Fig. 27. The 
theoretical response is obtained by calculation using the coupling coefficients given in 
equation (63). More details on the calculation are given in Chapter 8 of the reference (Hong 
& Lancaster, 2001). 
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Fig. 27. The theoretical and simulated responses of the three-pole Chebyshev filter. 
 
The dimensions obtained in section 0 are used by the full-wave simulator Sonnet (Sonnet 
Software, 2009). The simulated response of the filter is shown in Fig. 27. However, the 
simulated response using these dimensions is close to, but does not meet the theoretical 
response very well. Generally, there are two major reasons. One reason is that, in the 
simulator, the dimensions of the circuit are “discrete” rather than “continuous”, so that the 

 

required coupling coefficients can usually be realized proximately, rather than precisely. 
This is because in the simulator a “cell” is the basic building block of the circuit. Thus any 
part of the circuit may be as small as one cell or may be multiple cells long or wide. For 
example, a typical circuit drawn in the simulator is shown in Fig. 28, which has a cell size of 
0.05 mm  0.025 mm. The black dots are the grid points. The dimensions of the circuit in the 
horizontal direction, such as w and d, can only be the multiple of 0.05 mm; while the 
dimensions in the vertical direction, such as h, can only be the multiple of 0.025 mm. If  
d = 0.75 mm would give the required performance, in the simulator, only the proximate 
value d = 0.5 or 1.0 mm could be used. The dimensions can be more precise if the cell size is 
smaller. But, on the other hand, the simulation time increases exponentially as the cell size 
decreases. 
Another reason is that the unwanted cross couplings, among non-neighbouring resonators 
and between input and output ports, are not considered in the design. These cross couplings 
cannot be easily determined before the design as they are not independent to other 
couplings, and they become much more complicated in a filter having more resonators. 
Alternatively, the simulator (Sonnet Software, 2009) has an “optimisation function”, which 
can be used to optimise the dimensions of a circuit to get an optimised performance. 
 

 
Fig. 28. An example circuit drawn in the EM simulator (Sonnet Software, 2009). 
 
By using this function, the user may select dimensions of the circuit and define them as a 
parameter. In the analysis, the simulator controls the parameter value, within a user defined 
range, in an attempt to reach a user defined goal. More than one parameters can be used 
simultaneously in the simulation if necessary. More detailed information about the 
optimisation can be found in the reference (Sonnet Software, 2009). 
The dimensions of the three-pole filter after optimisation by the simulator are shown in  
Fig. 26, where t = 4.3 mm and d = 0.60 mm. The optimised response is shown in Fig. 29, 
which agrees very well with the theoretical result. The optimised passband has a ripple of 
0.014 dB, very close to the target of 0.01 dB; and the minimum return loss is better than  
25 dB in the passband, also close to the theoretical value of 26.3 dB.  
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Fig. 26 Layout and dimensions of the three-pole Chebyshev filter (unit: mm), where t = 4.3 
and d = 0.60 after optimisation. More detailed dimensions of the resonators can be found in 
Fig. 21 and Fig. 24(a). 
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compares to the length of 1.625 mm in the original resonator shown in Fig. 21. 
The filter is formed in a shape as shown in Fig. 26. It will be discussed blow that further 
optimization of the filter is required to achieve optimal performance. 
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Fig. 27. The theoretical and simulated responses of the three-pole Chebyshev filter. 
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range, in an attempt to reach a user defined goal. More than one parameters can be used 
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Fig. 29. The theoretical and optimised performances of the 3-pole Chebyshev filter. 

 
7. Summary 
 

The general theory of microwave filter design based on lumped-element circuit is described 
in this chapter. The lowpass prototype filters with Butterworth, Chebyshev and quasi-
elliptic characteristics are synthesized, and the prototype filters are then transformed to 
bandpass filters by lowpass to bandpass frequency mapping. By using immitance inverters 
( J - or K -inverters), the bandpass filters can be realized by the same type of resonators. One 
design example is given to verify the theory on how to design microwave filters. 
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