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1. Introduction
An electric power system is expected to operate under balanced three-phase conditions;
however, single-phase loads such as traction systems can be connected, leading to
unbalanced line currents. These systems are single-phase, non-linear, time-varying loads
closely connected to the utility power supply system. Among problems associated with
them, special consideration must be given to the presence of unbalanced and distorted
currents (Barnes & Wong, 1991; Capasso, 1998; Hill, 1994; Howroyd, 1989; Marczewski,
1999; Qingzhu et al., 2010a, 2010b). These operating conditions damage power quality,
producing undesirable effects on networks and affecting the correct electric system
operation (Arendse & Atkinson-Hope, 2010; Chen, 1994; Chen & Kuo, 1995;
Chindris et. al., 2002; Lee & Wu, 1993; Mayer & Kropik, 2005). The unbalanced currents
cause unequal voltage drops in distribution lines, resulting in load bus voltage asymmetries
and unbalances (Chen, 1994; Qingzhu et al., 2010a, 2010b). For this reason, several methods
have been developed to reduce unbalance in traction systems and avoid voltage
asymmetries, for example feeding railroad substations at different phases alternatively, and
connecting special transformers (e.g. Scott connection), Static Var Compensators (SVCs) or
external balancing equipment (ABB Power Transmission, n.d.; Chen, 1994; Chen & Kuo,
1995; Hill, 1994; Lee & Wu, 1993; Qingzhu et al., 2010a, 2010b). The last method, which is
incidentally not the most common, consists of suitably connecting reactances (usually an
inductor and a capacitor in delta configuration) with the single-phase load representing the
railroad substation (Barnes & Wong, 1991; Qingzhu et al., 2010a, 2010b). This method is also
used with industrial high-power single-phase loads and electrothermal appliances (Chicco
et al., 2009; Chindris et. al., 2002; Mayer & Kropik, 2005).
This delta-connected set, more commonly known as Steinmetz circuit, (Barnes & Wong,
1991; Jordi et al., 2002; Mayer & Kropik, 2005), allows the network to be loaded with
symmetrical currents. Several studies on Steinmetz circuit design under sinusoidal balanced
or unbalanced conditions aim to determine the reactance values to symmetrize the currents
consumed by the single-phase load. Some works propose analytical expressions and
optimization techniques for Steinmetz circuit characterization, (Arendse & Atkinson-Hope,
2010; Jordi et. al, 2002; Mayer & Kropik, 2005; Qingzhu et al., 2010a, 2010b; Sainz & Riera,
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submitted for publication). In general, the values of the symmetrizing elements should vary
in order to compensate for the usual single-phase load fluctuations. Unfortunately, the
typical inductances and capacitors have fixed values. However, this can be solved by the
introduction of thyristor-controlled reactive elements due to the development of power
electronics in the last few years and the use of step variable capacitor banks, (Barnes &
Wong, 1991; Chindris et al., 2002).
Steinmetz circuit design must consider circuit performance and behavior under nonsinusoidal conditions because of the growing presence of non-linear devices in electric
power systems in the last few decades, (Arendse & Atkinson-Hope, 2010; Chicco et al., 2009;
Czarnecki, 1989, 1992). Harmonic currents injected by non-linear devices can cause voltage
distortions, which may damage power quality. In this sense, the effects of harmonics on power
systems and their acceptable limits are well known [IEC power quality standards, (IEC 6100-36, 2008); Task force on Harmonic Modeling and Simulation, 1996, 2002]. In the above
conditions, the parallel and series resonance occurring between the Steinmetz circuit capacitor
and the system inductors must be located to prevent harmonic problems when the Steinmetz
circuit is connected. The parallel resonance occurring between the Steinmetz circuit capacitor
and the supply system inductors is widely studied in (Caro et al., 2006; Sainz et al., 2004, 2005,
2007). This resonance can increase harmonic voltage distortion in the presence of non-linear
loads injecting harmonic currents into the system. The problem is pointed out in (Sainz et al.,
2004). In (Caro et al., 2006; Sainz et al., 2005), it is numerically and analytically characterized,
respectively. In (Sainz et al., 2005), several curves are fitted numerically from the power system
harmonic impedances to predict the resonance at the fifth, seventh and eleventh harmonics
only. In (Caro et al., 2006), the resonance is analytically located from the theoretical study of
the power system harmonic impedances. Finally, the analytical expressions in (Caro et al.,
2006) to predict the parallel resonance frequency are expanded in (Sainz et al., 2007) to
consider the influence of the Steinmetz circuit capacitor loss with respect to its design value.
The series resonance “observed” from the supply system is also studied and located in (Sainz
et al., 2009a, 2009b, in press). This resonance can affect power quality in the presence of a
harmonic-polluted power supply system because the consumed harmonic currents due to
background voltage distortion can be magnified. It is numerically and analytically studied in
(Sainz et al., 2009a, 2009b), respectively. In (Sainz et al., 2009a), graphs to locate the series
resonance frequency and the admittance magnitude values at the resonance point are
numerically obtained from the power system harmonic admittances. In (Sainz et al., 2009b),
analytical expressions to locate the series resonance are obtained from these admittances.
Finally, the analytical expressions developed in (Sainz et al., 2009b) to predict resonance
frequencies are expanded in (Sainz et al., in press) to consider the influence of Steinmetz circuit
capacitor changes with respect to its design value.
This chapter, building on work developed in the previous references, not only summarizes the
above research but also unifies the study of both resonances, providing an expression unique
to their location. The proposed expression is the same as in the series resonance case, but
substantially improves those obtained in the parallel resonance case. Moreover, the previous
studies are completed with the analysis of the impact of the Steinmetz circuit inductor
resistance on the resonance. This resistance, as well as damping the impedance values, shifts
the resonance frequency because it influences Steinmetz circuit design (Sainz & Riera,
submitted for publication). A sensitivity analysis of all variables involved in the location of the
parallel and series resonance is also included. The chapter ends with several experimental tests
to validate the proposed expression and several examples of its application.
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2. Balancing ac traction systems with the Steinmetz circuit
Fig. 1a shows one of the most widely used connection schemes of ac traction systems, where
the railroad substation is formed by a single-phase transformer feeding the traction load
from the utility power supply system. As the railroad substation is a single-phase load
which may lead to unbalanced utility supply voltages, several methods have been proposed
to reduce unbalance (Chen, 1994; Hill, 1994), such as feeding railroad substations at different
phases alternatively, and using special transformer connections (e.g. Scott-connection), SVCs
or external balancing equipment. To simplify the study of these methods, the single-phase
transformer is commonly considered ideal and the traction load is represented by its
equivalent inductive impedance, ZL = RL + jXL, obtained from its power demand at the
fundamental frequency, Fig. 1b (Arendse & Atkinson-Hope, 2010; Barnes & Wong, 1991;
Chen, 1994; Mayer & Kropik, 2005; Qingzhu et al., 2010a, 2010b). According to Fig. 1c,
external balancing equipment consists in the delta connection of reactances (usually an
inductor Z1 and a capacitor Z2) with the single-phase load representing the railroad
substation in order to load the network with balanced currents. This circuit, which is known
as Steinmetz circuit (ABB Power Transmission, n.d.; Barnes & Wong, 1991; Mayer & Kropik,
2005), is not the most common balancing method in traction systems but it is also used in
industrial high-power single-phase loads and electrothermal appliances (Chicco et al., 2009;
Chindris et. al., 2002; Mayer & Kropik, 2005).
(a)

(b)
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Fig. 1. Studied system: a) Railroad substation connection scheme. b) Simplified railroad
substation circuit. c) Steinmetz circuit.
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Fig. 2. Detailed Steinmetz circuit.
Fig. 2 shows the Steinmetz circuit in detail. The inductor is represented with its associated
resistance, Z1 = R1 + jX1, while the capacitor is considered ideal, Z2 = − jX2. Steinmetz circuit
design aims to determine the reactances X1 and X2 to balance the currents consumed by the
railroad substation. Thus, the design value of the symmetrizing reactive elements is
obtained by forcing the current unbalance factor of the three-phase fundamental currents
consumed by the Steinmetz circuit (IA, IB, IC) to be zero. Balanced supply voltages and the
pure Steinmetz circuit inductor (i.e., R1 = 0 ) are usually considered in Steinmetz circuit
design, and the values of the reactances can be obtained from the following approximated
expressions (Sainz et al., 2005):
X 1, apr ( RL , λL ) =

3 RL

(

λ 1 + 3τ L
2
L

)

;

X 2 , apr ( RL , λL ) =

3RL

(

λ 1 − 3τ L
2
L

)

(1)

,

where

τL =

1 − λL2
XL
,
=
RL
λL

(2)

and λL = RL/|ZL| and |ZL| are the displacement power factor and the magnitude of
single-phase load at fundamental frequency, respectively.
In (Mayer & Kropik, 2005), the resistance of the Steinmetz inductor is considered and
symmetrizing reactance values are obtained by optimization methods. However,
analytical expressions for the reactances are provided. In (Sainz & Riera, submitted
publication), the following analytical expressions have recently been deduced
X 1 ( RL , λL ,τ 1 ) =

RL λ12

(

(

)
3τ )

3 −τ1

λ τ 1+
2 2
L 1

L

;

X 2 ( RL , λL ,τ 1 ) =

λ

2
L

{( 1 −

RL

(

3 −τ1

)

3τ L − τ 1

(

)
3 +τL

)}

,

the
the
no
for

(3)

where τ1 = R1/X1 = λ1/(1 – λ12)1/2 is the R/X ratio of the Steinmetz circuit inductor, and
λ1 = R1/|Z1| and |Z1| are the displacement power factor and the magnitude of the
Steinmetz circuit inductor at the fundamental frequency, respectively. It must be noted that
(1) can be derived from (3) by imposing τ1 = 0 (and therefore λ1/τ1 = 1). The Steinmetz
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circuit under study (with an inductor X1 and a capacitor X2) turns out to be possible only
when X1 and X2 values are positive. Thus, according to (Sainz & Riera, submitted for
publication), X1 is always positive while X2 is only positive when the displacement power
factor of the single-phase load satisfies the condition

1 ≥ λL ≥ λLC =

τ1 + 3
2 1 + τ 12

,

(4)

where the typical limit λLC = (√3)/2 can be obtained from (4) by imposing τ1 = 0 (Jordi et al.,
2002; Sainz & Riera, submitted for publication).
Supply voltage unbalance is considered in (Qingzhu et al., 2010a, 2010b) by applying
optimization techniques for Steinmetz circuit design, and in (Jordi et al., 2002; Sainz & Riera,
submitted for publication) by obtaining analytical expressions for the symmetrizing
reactances. However, the supply voltage balance hypothesis is not as critical as the pure
Steinmetz circuit inductor hypothesis. Harmonics are not considered in the literature in
Steinmetz circuit design and the reactances are determined from the fundamental waveform
component with the previous expressions. Nevertheless, Steinmetz circuit performance in
the presence of waveform distortion is analyzed in (Arendse & Atkinson-Hope, 2010; Chicco
et al., 2009). Several indicators defined in the framework of the symmetrical components are
proposed to explain the properties of the Steinmetz circuit under waveform distortion.
The introduction of thyristor-controlled reactive elements due to the recent development of
power electronics and the use of step variable capacitor banks allow varying the Steinmetz
circuit reactances in order to compensate for the usual single-phase load fluctuations,
(Barnes & Wong, 1991; Chindris et al., 2002). However, the previous design expressions
must be considered in current dynamic symmetrization and the power signals are then
treated by the controllers in accordance with the Steinmetz procedure for load balancing
(ABB Power Transmission, n.d.; Lee & Wu, 1993; Qingzhu et al., 2010a, 2010b).

3. Steinmetz circuit impact on power system harmonic response
The power system harmonic response in the presence of the Steinmetz circuit is analyzed from
Fig. 3. Two sources of harmonic disturbances can be present in this system: a three-phase nonlinear load injecting harmonic currents into the system or a harmonic-polluted utility supply
system. In the former, the parallel resonance may affect power quality because harmonic
voltages due to injected harmonic currents can be magnified. In the latter, series resonance
may affect power quality because consumed harmonic currents due to background voltage
distortion can also be magnified. Therefore, the system harmonic response depends on the
equivalent harmonic impedance or admittance “observed” from the three-phase load or the
utility supply system, respectively. This chapter, building on work developed in (Sainz et al.,
2007, in press), summarizes the above research on parallel and series resonance location and
unifies this study. It provides an expression unique to the location of the parallel and series
resonance considering the Steinmetz circuit inductor resistance.
In Fig. 3, the impedances ZLk = RL + jkXL, Z1k = R1 + jkX1 and Z2k = −jX2/k represent the
single-phase load, the inductor and the capacitor of the Steinmetz circuit at the fundamental
(k = 1) and harmonic frequencies (k > 1). Note that impedances ZL1, Z11 and Z21 correspond
to impedances ZL, Z1 and Z2 in Section 2, respectively. Moreover, parameter dC is introduced
in the study representing the degree of the Steinmetz circuit capacitor degradation from its
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design value [(1) or (3)]. Thus, the capacitor value considered in the harmonic study is dC·C,
i.e. −j1/(dC·C·ω1·k) = −j·(X2/k)/dC = Z2k/dC where ω1 = 2π·f1 and f1 is the fundamental
frequency of the supply voltage. This parameter allows examining the impact of the
capacitor bank degradation caused by damage in the capacitors or in their fuses on the
power system harmonic response. If dC = 1, the capacitor has the design value [(1) or (3)]
whereas if dC < 1, the capacitor value is lower than the design value.

Utility
supply
system

Three-phase
load

k·XL

R1

k·X1

RL

(X2/k)/dC
Fig. 3. Power system harmonic analysis in the presence of the Steinmetz circuit.
3.1 Study of the parallel resonance
This Section examines the harmonic response of the system “observed” from the three-phase
load. It implies analyzing the passive set formed by the utility supply system and the
Steinmetz circuit (see Fig. 4). The system harmonic behavior is characterized by the
equivalent harmonic impedance matrix, ZBusk, which relates the kth harmonic three-phase
voltages and currents at the three-phase load node, Vk = [VAk VBk VCk]T and Ik = [IAk IBk ICk]T.
Thus, considering point N in Fig. 4 as the reference bus, this behavior can be characterized
by the voltage node method,

A

IAk

N

B

IBk
k·XS

C

ZBusk ICk

RS

VBk
k·X1

R1

k·XL

RL

VCk

(X2/k)/dC
Fig. 4. Study of the parallel resonance in the presence of the Steinmetz circuit.
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V k = ZBusk ⋅ I k

V Ak  Z AAk
 V Bk  =  Z BAk
V Ck   ZCAk

Y Sk + Y 1 k + dC Y 2 k
= 
−Y 1 k

−dC Y 2 k

Z ABk
Z BBk
ZCBk

177

Z ACk   I Ak 
Z BCk  ⋅  I Bk 
ZCCk   I Ck 

−Y 1 k
−dC Y 2 k
  I Ak 
 ⋅ I  ,
Y Sk + Y 1 k + Y Lk
−Y Lk
  Bk 
Y Sk + dC Y 2 k + Y Lk   I Ck 
−Y Lk
−1

(5)

where
•
YSk = ZSk–1 = (RS +jkXS)–1 corresponds to the admittance of the power supply system,
which includes the impedance of the power supply network, the short-circuit
impedance of the three-phase transformer and the impedance of the overhead lines
feeding the Steinmetz circuit and the three-phase linear load.
YLk, Y1k and dC·Y2k correspond to the admittances of the Steinmetz circuit components
•
(i.e., the inverse of the impedances ZLk, Z1k and Z2k/dC in Section 3, respectively).
It can be observed that the diagonal and non-diagonal impedances of the harmonic
impedance matrix ZBusk (i.e., ZAAk to ZCCk) directly characterize the system harmonic
behavior. Diagonal impedances are known as phase driving point impedances (Task force
on Harmonic Modeling and Simulation, 1996) since they allow determining the contribution
of the harmonic currents injected into any phase F (IFk) to the harmonic voltage of this phase
(VFk). Non–diagonal impedances are the equivalent impedances between a phase and the
rest of the phases since they allow determining the contribution of the harmonic currents
injected into any phase F (IFk) to the harmonic voltage of any other phase G (VGk, with G ≠ F).
Thus, the calculation of both sets of impedances is necessary because a resonance in either of
them could cause a high level of distortion in the corresponding voltages and damage
harmonic power quality.
As an example, a network as that in Fig. 4 was constructed in the laboratory and its
harmonic response (i.e., ZBusk matrix) was measured with the following per unit data
(UB = 100 V and SB = 500 VA) and considering two cases (dC = 1 and 0.5):
•
Supply system: ZS1 = 0.022 +j0.049 pu.
•
Railroad substation: RL = 1.341 pu, λL = 1.0.
•
External balancing equipment: According to (1) and (3), two pairs of reactances were
connected with the railroad substation, namely X1, apr = 2.323 pu and X2, apr = 2.323 pu
and X1 = 2.234 pu and X2 = 2.503 pu. The former was calculated by neglecting the
inductor resistance (1) and the latter was calculated by considering the actual value of
this resistance (3) (R1 ≈ 0.1342 pu, and therefore τ1 ≈ 0.1341/2.234 = 0.06).
Considering that the system fundamental frequency is 50 Hz, the measurements of the ZBusk
impedance magnitudes (i.e., |ZAAk| to |ZCCk |) with X1, apr and X2, apr are plotted in Fig. 5 for
both cases (dC = 1 in solid lines and dC = 0.5 in broken lines). It can be noticed that
•
The connection of the Steinmetz circuit causes a parallel resonance in the
ZBusk impedances that occurs in phases A and C, between which the capacitor is
connected, and is located nearly at the same harmonic for all the impedances (labeled as
kp, meas). This asymmetrical resonant behavior has an asymmetrical effect on the
harmonic voltages (i.e., phases A and C have the highest harmonic impedance, and
therefore the highest harmonic voltages.)
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0
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k

Fig. 5. Measured impedance - frequency matrix in the presence of the Steinmetz circuit with
X1, apr = X2, apr = 2.323 pu (solid line: dC = 1; broken line: dC = 0.5).
•

In the case of dC = 1 (in solid lines), the connection of the Steinmetz circuit causes a
parallel resonance measured close to the fifth harmonic (kp, meas ≈ 251/50 = 5.02, where
251 Hz is the frequency of the measured parallel resonance.)
If the Steinmetz circuit suffers capacitor bank degradation, the parallel resonance is
•
shifted to higher frequencies. In the example, a 50% capacitor loss (i.e., dC = 0.5 in
broken lines) shifts the parallel resonance close to the seventh harmonic
(ks, meas ≈ 360/50 = 7.2, where 360 Hz is the frequency of the measured parallel
resonance.)
The measurements of the ZBusk impedance magnitudes (i.e. |ZAAk| to |ZCCk |) with X1 and
X2 are not plotted for space reasons. In this case, the parallel resonance shifts to kp, meas ≈ 5.22
(dC = 1) and kp, meas ≈ 7.43 (dC = 0.5) but the general conclusions of the X1, apr and X2, apr case
are true.
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Fig. 6. Study of the series resonance in the presence of the Steinmetz circuit.
3.2 Study of the series resonance
This Section studies the harmonic response of the system “observed” from the utility supply
system. It implies analyzing the passive set formed by the supply system impedances, the
Steinmetz circuit and the three-phase load (see Fig. 6). The system harmonic behavior is
characterized by the equivalent harmonic admittance matrix, YBusk, which relates the kth
harmonic three-phase currents and voltages at the node I, IIk = [IAk IBk ICk]T and
VIk = [VAk VBk VCk]T, respectively. Thus, considering point N in Fig. 6 as the reference bus,
this behavior can be characterized by the voltage node method,
I Ik   Y Ik
  =  II-I
0
   Y k

I-II
I
Y k   Vk 



⋅
II
II
Y k  Vk 
  

 I Ak   Y Sk
  
 I Bk   0
 I Ck   0
 =
 0   −Y Sk
 0   0
  
 0   0



0
Y Sk
0

0
0
Y Sk

−Y Sk
0
0

0
−Y Sk
0

0
−Y Sk
0

0
0
−Y Sk

Y T 1k
−Y 1 k
− dC Y 2 k

−Y 1 k
YT 2k
−Y Lk

 V Ak 
 V 
  Bk 
 V Ck 
 ⋅  II  ,
− dC Y 2 k  V Ak 


−Y Lk  V IIBk 

Y T 3 k  V II 
 Ck 
0
0
−Y Sk

(6)

and
 I Ak 
Y AAk
I
I
I-II
II −1
II-I
I
I
 

I k =  I Bk  = Y k − Y k Y k Y k V k = Y Busk V k = Y BAk
 I Ck 
Y CAk

(

)

Y ABk
Y BBk
Y CBk

Y ACk  V Ak 
 

Y BCk  ⋅ V Bk  ,
Y CCk  V Ck 

(7)

where
Y T 1 k = Y Sk + Y Pk + Y 1 k + dC Y 2 k ; Y T 2 k = Y Sk + Y Pk + Y 1 k + Y Lk
Y T 3 k = Y Sk + Y Pk + Y Lk + dC Y 2 k .

(8)

Admittances YSk, YLk, Y1k and dC·Y2k were already introduced in the parallel resonance
location and YPk = ZPk–1 = gLM# (|ZP1|, λP, k) is the three-phase load admittance. The function
gLM# (·) represents the admittance expressions of the load models 1 to 7 proposed in (Task
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force on Harmonic Modeling and Simulation, 2003), and |ZP1| and λP are the magnitude
and the displacement power factor of the load impedances at the fundamental frequency,
respectively. For example, the expression gLM1 (|ZP1|, λP, k) = 1/{|ZP1|·(λP + jk(1 – λP2 )1/2 )}
corresponds to the series R-L impedance model, i.e. the model LM1 in (Task force on
Harmonic Modeling and Simulation, 2003).
It can be observed that the diagonal and non-diagonal admittances of the harmonic
admittance matrix YBusk (i.e., YAAk to YCCk) directly characterize system harmonic behavior.
Diagonal admittances allow determining the contribution of the harmonic voltages at any
phase F (VFk) to the harmonic currents consumed at this phase (IFk). Non–diagonal
admittances allow determining the contribution of the harmonic voltages at any phase F
(VFk) to the harmonic currents consumed at any other phase G (IGk, with G ≠ F). Thus, the
calculation of both sets of admittances is necessary because this resonance could lead to a
high value of the admittance magnitude, magnify the harmonic currents consumed in the
presence of background voltage distortion and damage harmonic power quality.
As an example, a network as that in Fig. 6 was constructed in the laboratory and its
harmonic response (i.e., YBusk matrix) was measured with the following per unit data
(UB = 100 V and SB = 500 VA) and considering two cases (dC = 1 and 0.5):
•
Supply system: ZS1 = 0.076 +j0.154 pu.
•
Railroad substation: RL = 1.464 pu, λL = 0.95.
•
External balancing equipment: According to (1) and (3), two pairs of reactances were
connected with the railroad substation, namely X1, apr = 1.790 pu and X2, apr = 6.523 pu
and X1 = 1.698 pu and X2 = 10.03 pu. The former was calculated by neglecting the
inductor resistance (1) and the latter was calculated by considering the actual value of
this resistance (3) (R1 ≈ 0.1342 pu, and therefore τ1 ≈ 0.1341/1.698 = 0.079).
•
Three-phase load: Grounded wye series R-L impedances with |ZP1| = 30.788 pu and
λP = 0.95 are connected, i.e. the three-phase load model LM1 in (Task force on Harmonic
Modeling and Simulation, 2003).
Considering that the system fundamental frequency is 50 Hz, the measurements of the YBusk
admittance magnitudes (i.e. |YAAk| to |YCCk |) with X1, apr and X2, apr are plotted in Fig. 7 for
both cases (dC = 1 in solid lines and dC = 0.5 in broken lines). It can be noted that
•
The connection of the Steinmetz circuit causes a series resonance in the
YBusk admittances that occurs in phases A and C, between which the capacitor is
connected, and is located nearly at the same harmonic for all the admittances (labeled as
ks, meas). This asymmetrical resonant behavior has an asymmetrical effect on the
harmonic consumed currents (i.e., phases A and C have the highest harmonic
admittance, and therefore the highest harmonic consumed currents.)
•
In the case of dC = 1 (in solid lines), the connection of the Steinmetz circuit causes a
series resonance measured close to the fifth harmonic (ks, meas ≈ 255/50 = 5.1, where
255 Hz is the frequency of the measured series resonance.)
•
If the Steinmetz circuit suffers capacitor bank degradation, the series resonance is
shifted to higher frequencies. In the example, a 50% capacitor loss (i.e., dC = 0.5 in
broken lines) shifts the series resonance close to the seventh harmonic
(ks, meas ≈ 365/50 = 7.3, where 365 Hz is the frequency of the measured series resonance.)
The measurements of the YBusk admittance magnitudes (i.e., |YAAk| to |YCCk |) with X1 and X2
are not plotted for space reasons. In this case, the series resonance shifts to ks, meas ≈ 6.31 (dC = 1)
and ks, meas ≈ 8.83 (dC = 0.5) but the general conclusions of the X1, apr and X2, apr case are true.
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Fig. 7. Measured admittance - frequency matrix in the presence of the Steinmetz circuit with
X1, apr = 1.790 pu and X2, apr = 6.523 pu (solid line: dC= 1; broken line: dC = 0.5).

4. Analytical study of power system harmonic response
In this Section, the magnitudes of the most critical ZBusk impedances (i.e., |ZAAk|, |ZCCk|,
|ZACk| and |ZCAk|) and YBusk admittances (i.e., |YAAk|, |YCCk|, |YACk| and |YCAk|) are
analytically studied in order to locate the parallel and series resonance, respectively.
4.1 Power system harmonic characterization
The most critical ZBusk impedances are obtained from (5):
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Z AAk =

Y Sk + Y Sk (Y Stz 1 k + Y Lk ) + Y Stz 2 k
Y Sk Dk

Z ACk = ZCAk

2

;

ZCCk =

Y Sk + Y Sk (Y Stz 1 k + Y 1 k ) + Y Stz 2 k
Y Sk Dk

Y
+ dC Y 2 k Y Sk
,
= Stz 2 k
Y Sk Dk

(9)

where
Y Stz 1 k = Y 1 k + dC Y 2 k + Y Lk

;

Y Stz 2 k = Y Lk Y 1 k + Y Lk dC Y 2 k + Y 1 k dC Y 2 k

2
Sk

Dk = Y + 2Y Sk Y Stz 1 k + 3 ⋅ Y Stz 2 k .

(10)

The harmonic of the parallel resonance numerically obtained as the maximum value of the
above impedance magnitudes is located nearly at the same harmonic for all the impedances
(Sainz et al., 2007) and labeled as kp, n.
The most critical YBusk admittances are obtained from (7):
(P)

Y AAk =

(P)

Y Sk (Y Sk N AAk + Y Pk N AAk )
(P)
Y Sk Dk + Y Pk ⋅ Dk

;

Y CCk =

Y Sk (Y Sk N CCk + Y Pk N CCk )
(P)
Y Sk Dk + Y Pk ⋅ Dk

2

Y ACk = Y CAk

Y (Y d Y + Y Stz 2 k + Y Pk dC Y 2 k )
= Sk Sk C 2 k
,
(P)
Y Sk Dk + Y Pk ⋅ Dk

(11)

where
N AAk = Y Sk (Y 1 k + dC Y 2 k ) + 2 ⋅ Y Stz 2 k
N

(P)
AAk

=Y

(P)

2
Pk

N CCk = Y Sk (Y Lk + dC Y 2 k ) + 2 ⋅ Y Stz 2 k

;

+ 2 ⋅ (Y Sk + Y Stz 1 k )Y Pk + 3 ⋅ (Y Stz 2 k + Y Sk (Y 1 k + dC Y 2 k )) + Y Sk (Y Sk + 2 ⋅ Y Lk )

2

N CCk = Y Pk + 2 ⋅ (Y Sk + Y Stz 1 k )Y Pk + 3 ⋅ (Y Stz 2 k + Y Sk (Y Lk + dC Y 2 k )) + Y Sk (Y Sk + 2 ⋅ Y 1 k )
(P)

2

(12)

2

Dk = Y Pk + (3Y Sk + 2 ⋅ Y Stz 1 k )Y Pk + 3 ⋅ (Y Sk + Y Stz 2 k ) + 4Y Sk Y Stz 1 k .
The harmonic of the series resonance numerically obtained as the maximum value of the
above admittance magnitudes is located nearly at the same harmonic for all the admittances
(Sainz et al., in press) and labeled as ks, n.
Since the expressions of the YBusk admittances (11) are too complicated to be analytically
analyzed, the admittance YPk is not considered in their determination (i.e., YPk = 0), and they
are approximated to
Y AAk ≈ Y AAk , apx =

Y Sk N AAk
Dk

;

Y ACk = Y CAk ≈ Y ACk , apx = Y ACk , apx

Y CCk ≈ Y CCk , apx =

Y Sk N CCk
Dk

Y (Y d Y + Y Stz 2 k )
.
= Sk Sk C 2 k
Dk

(13)

This approximation is based on the fact that, the three-phase load does not influence the
series resonance significantly if large enough, (Sainz et al., 2009b). The harmonic of the
series resonance numerically obtained as the maximum value of the above admittance
magnitudes is located nearly at the same harmonic for all the admittances (Sainz et al., in
press) and labeled as ks, napx.
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It must be noted that (9) and (13) depend on the supply system and the Steinmetz circuit
admittances (i.e., YSk, YLk, Y1k and dC·Y2k) and (11) depends on the previous admittances and
three-phase load admittances (i.e., YSk, YLk, Y1k, dC·Y2k and YPk). In the study, these
admittances are written as
Y Sk ≈ − j

1
kXS

; Y Lk =

dC λL
dC
=
= jk
− jX 2 k

2

dC Y 2 k

{( 1 −

1
1  λ τ  1 + 3τ L
= −j  L 1 
jk ⋅ X1
k  λ1  RL 3 − τ 1
2

1
RL ( 1 + jkτ L )

; Y 1k ≈

)

(
R ( 3 −τ )
3τ L − τ 1

3 +τL

(

)}

)
(14)

; Y Pk = gLM # ( Z P 1 , λP , k ) ,

1

L

where (3) is used to obtain the Steinmetz circuit components X1 and X2, and gLM# (·)
represents the three-phase load admittance models 1 to 7 proposed in (Task force on
Harmonic Modeling and Simulation, 2003). Thus, it is observed that the ZBusk impedances
and YBusk admittances are functions of eight variables, namely
•
the harmonic order k,
•
the supply system fundamental reactance XS,
•
the single-phase load resistance RL,
•
the parameter τL, i.e. the single-phase load fundamental displacement power factor λL
(2),
•
the R/X ratio of the Steinmetz circuit inductor τ1,
•
the degradation parameter dC,
•
the magnitude of the linear load fundamental impedance |ZP1| and
•
the linear load fundamental displacement power factor λP.
It is worth pointing out that the resistance of the supply system is neglected (i.e.,
ZSk = RS + jkXS ≈ jkXS) and the resistance of the Steinmetz circuit is only considered in the
inductor design [i.e., Z1k = R1 + jkX1 ≈ jkX1 and Z2k = −j·X2/k, with X1 and X2 obtained from
(3)]. This is because the real part of these impedances does not modify the series resonance
frequency significantly (Sainz et al., 2007, 2009a) while the impact of R1 on Steinmetz circuit
design modifies the resonance. This influence is not considered in the previous harmonic
response studies.
In order to reduce the above number of variables, the ZBusk impedances and YBusk
admittances are normalized with respect to the supply system fundamental reactance XS.
For example, the normalized magnitudes |ZAAk|N and |YAAk|N can be expressed from (9)
and (11) as

Z AAk

N

=

Z AAk
XS

=

{

}

2

2
1 XS Y Sk + Y Sk (Y Stz 1 k + Y Lk ) + Y Stz 2 k
,
XS
XS2 Y Sk Dk

(15)
Y AAk

N

= XS Y AAk

where (15) has only terms
rewritten from (14) as
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N

= XS

(P)
Pk
AAk
(P)
k

X Y Sk (Y Sk N AAk + Y N
3
S

{

XS3 Y Sk Dk + Y Pk ⋅ D

}

)

,

XS·YSk, XS·YLk, XS·Y1k, XS·dC·Y2k and XS·YPk, which can be
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XS Y Sk = − j

1
k

, XS Y Lk =

1
rL ( 1 + jkτ L )

, XS Y Pk = gLM #, N ( zP , λP , k )

1
1  λ τ  1 + 3τ L
XS
,
= −j
= −j  L 1 
jk ⋅ X 1
k ⋅ x1
k  λ1  rL 3 − τ 1
2

XS Y 1 k =

(

dC λL
XS dC
d
= jk C = jk
x2
− jX 2 k

2

XS dC Y 2 k =

{( 1 −

)

(
r ( 3 −τ )
3τ L − τ 1

L

(16)

)

3 +τL

)} ,

1

where gLM#, N (·) represents the normalized expressions of the three-phase load models 1 to 7
proposed in (Task force on Harmonic Modeling and Simulation, 2003), rL = RL /XS and
zP = |ZP1| /XS. The normalized expressions gLM#, N (·) are obtained and presented in (Sainz
et al., 2009a) but are not included in the present text for space reasons. As an example, the
normalized expression of model LM1 in (Task force on Harmonic Modeling and Simulation,
2003) is gLM1, N (zp, λP, k) = 1/{zp·(λP + jk(1−λP2 )1/2 )} (Sainz et al., 2009a).
From (15), it is interesting to note that the normalization does not modify the parallel and
series resonance (kp, n, ks, n and ks, napx), but the number of variables of the normalized ZBusk
impedances and YBusk admittances are reduced to seven (16), i.e.,
•
the harmonic order k,
•
the ratio of the single-phase load resistance to the supply system fundamental reactance
rL = RL /XS,
•
the parameter τL, i.e. the single-phase load fundamental displacement power factor λL
(2),
•
the R/X ratio of the Steinmetz circuit inductor τ1,
•
the degradation parameter dC,
•
the ratio of the linear load fundamental impedance magnitude to the supply system
fundamental reactance zP = |ZP1| /XS and
•
the linear load fundamental displacement power factor λP.
Moreover, the usual ranges of values of these variables can be obtained by relating them
with known parameters to study resonances under power system operating conditions.
Thus, the power system harmonic response is analyzed for the following variable ranges:
Harmonic: k = (1, ..., 15).
•
•
Single-phase load: rL = (5, ..., 1000) and λL = (0.9, ..., 1).
•
Steinmetz circuit inductor: τ1 = (0, ..., 0.5).
•
Degradation parameter: dC = (0.25, ..., 1).
•
Linear load: zP = (5, ..., 1000) and λP = (0.9, ..., 1).
The ratios rL and zP are equal to the ratios λL ·SS /SL and SS /SP (Sainz et al., 2009a), where SS
is the short-circuit power at the PCC bus, SL is the apparent power of the single-phase load
and SP is the apparent power of the three-phase load. Thus, the range of these ratios is
determined considering the usual values of the ratios SS /SL and SS /SP (Chen, 1994; Chen &
Kuo, 1995) and the fundamental displacement power factors λL and λP.
In next Section, the normalized magnitudes of the most critical ZBusk impedances (9) and
approximated YBusk admittances (13) are analytically studied to obtain simple expressions
for locating the parallel and series resonance. Thus, these expressions are functions of the
following five variables only: k, rL = RL /XS, λL, τ1 and dC.
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The series resonance study in the next Section is only valid for zP > 20 because the
approximation of not considering the three-phase load admittance (i.e., YPk = 0 ) is based on
the fact that this load does not strongly influence the series resonance if zP is above 20.
Nevertheless, the magnitude of the normalized admittances at the resonance point is low for
zP < 20 and the consumed currents do not increase significantly (Sainz et al., 2009a).
4.2 Analytical location of the parallel and series resonance
It is numerically verified that the parallel and series resonance, i.e. the maximum magnitude
values of the normalized ZBusk impedances and approximated YBusk admittances [obtained
from (9) and (13)] with respect to the harmonic k respectively, coincide with the minimum
value of their denominators for the whole range of system variables. Thus, from (9) and (13),
these denominators can be written as

(

Den Y AAk , apx

N

(

= k ⋅ Den Z AAk

) = Den ( Y
N

) = k ⋅ Den ( Y

CCk , apx N

) = k ⋅ Den ( Z

CCk N

ACk , apx N

) = k ⋅ Den ( Z

ACk N

)

)

(17)

= k k( H 1 k + H 2 ) + j ⋅ ( H 3 k + H 4 ) ,
2

2

where
x 
; H 2 = −  2  ( x1 (rLτ L + 2) + 2rLτ L + 3)
 dC 
x 
H 3 = rL (2 x1 + 3) ; H 4 = −  2  rL ( x1 + 2)
 dC 

H 1 = rLτ L (2 x1 + 3) + 3x1

(18)

and
2
 λ  rL 3 − τ 1
x1 =  1 
 λLτ 1  1 + 3τ L

(

)

;

x2 =

λ

2
L

{( 1 −

rL

(

)
.
( 3 + τ )}

3 −τ1

)

3τ L − τ 1

(19)

L

From (17), it is observed that the series resonances of |YAAk, apx|N and |YCCk, apx|N
admittances match up because their denominators are the same. This is true for the series
resonance of |YACk, apx|N admittance and the parallel resonance of |ZAAk|N, |ZCCk|N and
|ZACk|N impedances. However, despite the discrepancy in the denominator degrees, it is
numerically verified that the harmonic of the parallel and series resonance is roughly the
same for all the impedances and admittances. Then, these resonances are located from the
minimum value of the |YACk, apx|N, |ZAAk|N, |ZCCk|N and |ZACk|N denominator because it is
the simplest. In the study, this denominator is labeled as |Δk| for clarity and the harmonic
of the parallel and series resonance numerically obtained as the minimum value of |Δk| is
labeled as kr, Δ for both resonances. This value is analytically located by equating to zero the
derivative of |Δk|2 with respect to k, which can be arranged in the following form:

(

∂ Δk
∂k
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where kr, a is the harmonic of the parallel and series resonance analytically obtained and

G1 =

2 ⋅ (2 H 2 H 1 + H 32 )
3 ⋅ H 12

G2 =

;

H 22 + 2 ⋅ H 4 H 3
.
3 ⋅ H 12

(21)

Thus, the root of equation (20) allows locating the parallel and series resonance:
kr ,a =

τ1 = 0%
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kr, Δ = 6.16
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Fig. 8. Resonance location: a) Parallel resonance (power system data in Section 3.1:
XS = 0.049 pu, RL = 1.341 pu and λL = 1.0). b) Series resonance (power system data in
Section 3.2: XS = 0.154 pu, RL = 1.464 pu, λL = 0.95, |ZP1| = 30.788 pu, λP = 0.95 and threephase load model LM1).
To illustrate the above study, Fig. 8 shows |ZAAk|N, |YAAk|N, |YAAk, apx|N and |Δk| for the
power systems presented in the laboratory tests of Sections 3.1 and 3.2, and the analytical
results of the resonances (22) for these systems are
•
Parallel resonance: kr, a = 4.94 and 7.05 (τ1 = 0 and dC = 1.0 and 0.5, respectively) and
kr, a = 5.13 and 7.33 (τ1 = 6.0% and dC = 1.0 and 0.5, respectively).
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Series resonance: kr, a = 4.95 and 7.03 (τ1 = 0 and dC = 1.0 and 0.5, respectively) and
kr, a = 6.16 and 8.74 (τ1 = 7.9% and dC = 1.0 and 0.5, respectively).
From these results, it is seen that
•
As the variable zP = 30.788/0.154 = 199.9 > 20, the numerical results obtained from
|YAAk, apx|N are similar to those obtained from |YAAk|N, and ks, n ≈ ks, napx.
•
The harmonic of the |ZAAk|N and |YAAk, apx|N (and therefore |YAAk|N) maximum values
nearly coincides with the harmonic of the |Δk| minimum value, kr, Δ ≈ kp, n and
kr, Δ ≈ ks, napx, and that (22) provides the harmonic of the parallel and series resonance
correctly, i.e. kr, a ≈ kp, n and kr, a ≈ ks, napx.
•
Although the resistances RS and R1 of the supply system and the Steinmetz circuit
inductor are neglected in the analytical study [i.e., ZSk ≈ j·k·XS and Z1k ≈ j·k·X1 in (14)],
the results are in good agreement with the experimental measurements in Sections 3.1
and 3.2, i.e. kr, a ≈ kp, meas and kr, a ≈ ks, meas. However, the magnitude values obtained
numerically
are
greater
than
the
experimental
measurements
(e.g.,
|ZAAk| = XS·|ZAAk|N = 0.049·33.03 = 1.62 pu for kp, n = 7.04 in the τ1 = 0% and dC = 0.5
plot
of
Fig. 8
and
|ZAAk| ≈ 1.1 pu for
kp, meas = 7.2
in
Fig. 5
or
|YAAk| = |YAAk|N/XS = 0.73/0.154 = 4.74 pu for ks, n = 7.09 in the τ1 = 0% and dC = 0.5
plot of Fig. 8 and |YAAk| ≈ 2.1 pu for kp, meas = 7.2 in Fig. 7).
•
The influence of the resistance R1 on Steinmetz circuit design (3) shifts the parallel and
series resonance to higher frequencies. This was also experimentally verified in the
laboratory test of Section 3.
Fig. 9 compares kr, a, with kp, n and ks, n. Considering the validity range of the involved
variables, the values leading to the largest differences are used. It can be observed that kr, a
provides the correct harmonic of the parallel and series resonance. The largest differences
obtained are below 10% and correspond to ks, n when zP = 20, which is the lowest acceptable
zP value to apply the kr, a analytical expression. Although only the linear load model LM1 is
considered in the calculations, it is verified that the above conclusions are true for the other
three-phase load models.
•

10
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ks, n (zP = 20, λP = 0.95, LM1)
kr, a

0
300

Fig. 9. Comparison between kres and kr, a (kres = kp, n or ks, n).
The previous research unifies the study of the parallel and series resonance, providing an
expression unique to their location. This expression is the same as in the series resonance
case (Sainz et al., 2007), but substantially improves those obtained in the parallel resonance
case (Sainz et al., in press). Moreover, the Steinmetz circuit inductor resistance is considered
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in the analytical location of the resonances, making a contribution to previous studies. This
resistance, as well as damping the impedance values, shifts the resonance frequencies
because it influences Steinmetz circuit design (i.e., the determination of the Steinmetz circuit
reactances).

5. Sensitivity analysis of power system harmonic response
A sensitivity analysis of all variables involved in location of the parallel and series resonance
is performed from (22). Thus, considering the range of the variables, Fig. 10 shows the
contour plots of the harmonics where the parallel and series resonance is located. These
harmonics are calculated from the expression of kr, a, (22), and the τ1 range is fixed from (4)
considering the λL value. From Fig. 10, it can be noted that
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Fig. 10. Contour plots of kr, a.
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The resonant behavior of the Steinmetz circuit with power system reactors occurs in a
range of relatively large harmonics.
The resonances are located in the low-order harmonics only if the displacement power
factor of the single-phase load impedance is close to the unity value (i.e., λL ≈ 1) and this
impedance is small in comparison with the supply system reactances (i.e., small rL
ratios). The former condition is common but, considering that rL = λL·SS/SL (Sainz et al.,
2009a), the latter only occurs in weak power systems where the short-circuit power at
the PCC bus, SS, is low compared to the apparent power of the single-phase load, SL.
The resonances are shifted to high-order harmonics if the τ1 ratio of the Steinmetz
circuit inductor is far from the zero value, i.e. its displacement power factor λ1 is far
from the unity value. It is also true if the Steinmetz circuit capacitor degrades, i.e. the
Steinmetz circuit suffers capacitor loss and dC is also far from the unity value.

6. Examples
For the sake of illustration, two different implementations of the kr, a expression, (22), are
developed. In the first, the analytical study in Section 4 is validated from laboratory
measurements. Several experimental tests were made to check the usefulness of the kr, a
expression in locating the parallel and series resonance. In the second, this expression is
applied to locate the harmonic resonance of several power systems with a Steinmetz circuit
in the literature.
6.1 Experimental measurements of power system harmonic response
To validate the analytical study, measurements were made in two downscaled laboratory
systems corresponding to the networks of Fig. 4 (parallel resonance) and Fig. 6 (series
resonance). The frequency response measurements were made with a 4.5 kVA AC ELGAR
Smartwave Switching Amplifier as the power source, which can generate sinusoidal
waveforms of arbitrary frequencies (between 40 Hz and 5000 Hz) and a YOKOGAWA
DL 708 E digital scope as the measurement device. From the results shown in the next
Sections, it must be noted that (22) provides acceptable results. Although experimental tests
considering the inductor resistance (R1 ≈ 0.1342 pu) are not shown, they provide similar
results.
6.1.1 Experimental measurements of the parallel resonance
The harmonic response of the network in Fig. 4 was measured in the laboratory for two
cases with the following system data (UB = 100 V and SB = 500 VA):
•
Case 1 (studied in Section 3.1):
Supply system: ZS1 = 0.022 +j0.049 pu.
Railroad substation: RL = 1.341 pu, λL = 1.0.
External balancing equipment: X1, apx = 2.323 pu and X2, apx = 2.323 pu [neglecting
the inductor resistance, (1)] and dC = 1.0, 0.75, 0.5 and 0.25.
•
Case 2: System data of Case 1 except the single-phase load fundamental displacement
factor of the railroad substation, which becomes λL = 0.95. The Steinmetz circuit
reactances also change, i.e. X1, apx = 1.640 pu and X2, apx = 5.975 pu (1).
Fig. 11a compares the parallel resonance measured in the experimental tests with those
obtained from (22). In order to analytically characterize the resonance, the variable values
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corresponding to the above data are rL = 27.4, λL = 1 and 0.95 (Cases 1 and 2, respectively)
and τ1 = 0.
6.1.2 Experimental measurements of the series resonance
The harmonic response of the network in Fig. 6 was measured in the laboratory for two
cases with the following system data (UB = 100 V and SB = 500 VA):
•
Case 1:
Supply system: ZS1 = 0.076 +j0.154 pu.
Railroad substation: RL = 1.464 pu, λL = 1.0.
External balancing equipment: X1, apr = 2.536 pu and X2, apr = 2.536 pu [neglecting
the inductor resistance, (1)] and dC = 1.0, 0.75, 0.5 and 0.25.
Three-phase load: Grounded wye series R-L impedances with |ZP1| = 30.788 pu
and λP = 0.95 are connected, i.e. the three-phase load model LM1 in (Task force on
Harmonic Modeling and Simulation, 2003).
•
Case 2 (studied in Section 3.2): System data of Case 1 except the single-phase load
fundamental displacement factor of the railroad substation, which becomes λL = 0.95. The
Steinmetz circuit reactances also change, i.e. X1, apr = 1.790 pu and X2, apr = 6.523 pu (1).
Fig. 11b compares the series resonance measured in the experimental tests with those
obtained from (22). In order to analytically characterize the resonance, the variable values
corresponding to these data are rL = 9.51, λL = 1 and 0.95 (Cases 1 and 2, respectively) and
τ1 = 0.
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Fig. 11. Comparison between kres and kr, a. a) kres = kp, meas. b) kres = ks, meas.
6.2 Harmonic resonance location in several power systems
This section briefly describes several works in the literature on the Steinmetz circuit in
power systems, and determines the harmonic of the resonance produced by the presence of
this circuit from (22). This allows interpreting the results in the works and predicting the
harmonic behavior of the studied power systems.
In (ABB Power Transmission, n.d.), an extensive railway network for coal haulage in East
Central Queensland is presented and the installation of nine SVCs in the 132 kV grid to
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achieve dynamic load balancing is analyzed. The traction load is supplied from single-phase
132/50 kV transformers at each supply substation providing a 25 kV catenary voltage from
50/25 kV autotransformers at intervals along the track. The short-circuit power SS at 132 kV
bus is below 300 MVA while traction loads may reach short duration peaks of SL = 20 to
40 MVA. A total of 28 single-phase harmonic filters for 50 kV tuned to the 3rd, 5th and 7th
harmonics were installed in the substations to prevent harmonics generated in the
locomotive thyristor drives from being injected into the 132 kV power system. The harmonic
impact of the Steinmetz circuit installation on this traction system can be examined from
(22). Considering τ1 = 0, dC = 1 and the displacement power factor λL of the traction load
close to the unity value, the ratio rL = RL/XS = λL·SS/SL is between 15 to 7.5 (SL = 20 to 40,
respectively) and the resonance is located at the harmonics kr, a = 3.7 to 2.68. It is interesting
to note that the Steinmetz circuit connection could cause parallel and series resonances close
to the 3rd harmonic, damaging harmonic power quality. If the displacement power factor
was below unity value (e.g., λL = 0.95), the resonance would shift to kr, a = 5.93 to 4.36
(SL = 20 to 40, respectively) worsening the harmonic problem. In conclusion, it is not
advisable to use the Steinmetz circuit to balance the traction load currents consumed in this
installation. However, since the short-circuit power can be below 300 MVA and the
transformer short-circuit impedances are not considered in the study, the ratio rL values can
be lower than the previous ones and the resonance can be below the 3rd harmonic (see
Fig. 10) avoiding harmonic problems.
In (Barnes & Wong, 1991), an unbalance and harmonic study carried out for the Channel
Tunnel 25 kV railway system supplied from the UK and French 400/225/132 kV grid
systems is presented. On the UK side, the PCC between the traction load and the tunnel
auxiliary load is at the Folkestone 132 kV busbar with a minimum short-circuit power
SS equal to 800 MVA. On the French side, the PCC between the traction load, the auxiliary
load and other consumers is at the Mandarins 400 kV busbar with a minimum short-circuit
power SS equal to 11700 MVA. The traction loads range from SL = 0 to 75 MVA with a
displacement power factor λL = 0.93. Steinmetz circuit is located on the UK side with fastacting thyristor-controlled reactors and capacitors, which enable the balancing equipment
output to vary with the load pattern. Moreover, harmonic studies based on the harmonic
spectrum measured in the catenaries of the British Rail network and provided by
continental locomotive manufacturers were conducted to analyze the harmonic filter
installation. They revealed that the harmonic limits on the French side are within
specification limits and no filters are required while, on the UK side, these limits are
exceeded and harmonic filters must be installed to reduce harmonic distortion to acceptable
levels. These studies can be complemented with harmonic resonance location in the
Steinmetz circuit. Thus, considering τ1 = 0, dC = 1 and the maximum traction load (i.e.,
SL = 75 MVA), the ratio rL = RL/XS = λL·SS/SL is 145.08 and 9.92 and the resonance is located
at harmonics kr, a = 21.6 and 6.0 on the French and UK side, respectively. This resonance is
shifted to higher harmonics if the traction load is lower. The auxiliary loads and other
consumers are not considered in the location of the resonances because their impedance is
large enough (i.e., zP > 20).
In (Arendse & Atkinson-Hope, 2010), the design of the Steinmetz circuit in unbalanced and
distorted power supplies is studied from a downscaled laboratory system such as that in
Fig. 3. The system data are ZS1 = 0.0087 +j0.00079 Ω, RL = 4.84 Ω, λL = 1.0, τ1 = 0, dC = 1.0 and
a three-phase Variable Speed Drive (VSD) of 24 kVA rated power is used as a harmonic
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source. A three-phase linear load with |ZP1| = 9.802 Ω and λP = 0.81 (load model LM1) is
also connected. The study shows that there is no harmonic problem in the system and that
voltage distortion is below 0.05% [Table 7 in (Arendse & Atkinson-Hope, 2010)]. This can be
analyzed from (22) because, considering that rL = 4.84/0.00079 = 6127 and
zP = 9.802/0.00079 = 12408 (i.e., the three-phase linear load influence is negligible), the
parallel resonance “observed” from the VSD is located at kr, a = 72.9.

7. Conclusion
In this chapter, the analytical study conducted in previous works on the parallel and series
resonance in power systems with a Steinmetz circuit is unified and an expression unique to
the location of both resonances is provided, which substantially improves those proposed in
earlier works on the parallel resonance. This expression considers not only the impact of
capacitor degradation on the resonance but also the resistance of the Steinmetz circuit
inductor, which is another contribution to previous studies.
The sensitivity analysis reveals that the resonances mainly depend on the power system
inductors and the single-phase load of the Steinmetz circuit. However, capacitor bank
degradation and the R/X ratio of the Steinmetz circuit inductor can also strongly influence
the resonance. Broadly speaking, Steinmtez circuit resonances with power system reactors
appear at high-order harmonics. They only occur at low-order harmonics if the single-phase
load impedance is small in comparison with the supply system reactance (i.e., in weak
power systems) and the single-phase load power displacement factor is close to the unity
value. The study also shows that the capacitor bank degradation and the resistance of the
Steinmetz circuit inductor shift the resonance to higher harmonics. The analytical study
results are validated with experimental measurements in a downscaled laboratory system
and the study is applied to analyze several power systems with a Steinmetz circuit in the
literature. Measurements in actual ac traction systems will be necessary to fully confirm
these results.
Future research should focus on the power system harmonic response “observed” from the
railroad substation. The framework developed in the previous research and completed in
this Chapter must make it possible to obtain analytical expressions to locate resonances from
the substation.
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