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1. Introduction
Friction occurs in all mechanical systems, (e.g. bearings, transmissions, hydraulic and
pneumatic cylinders, valves, brakes and wheels). Friction is the tangential reaction force
between two surfaces in contact. There is a wide range of physical phenomena that cause
friction, this includes elastic and plastic deformations, ﬂuid mechanics and wave phenomena,
and material sciences (Bowden & Tabor, 1950; Armstrong-Hélouvry, 1994; Rabinowicz, 1995).
In mechanical systems, friction can limit the performance in terms of increasing tracking
errors and, under certain conditions, friction leads to oscillatory behavior, including simple
periodic oscillations and chaos (Feeny & Moon, 1994; Hikihara & Moon, 1994; Ibrahim, 1994).
In many practical situations it may be desirable that a given system originally undergoing
complicated behavior should be forced to display regular motions (e.g., suppression of
oscillatory dynamics). For instance, it could be desirable to induce regular dynamics in
mechanical oscillators to avoid errors (as in the case of precise position mechanisms) lead
by external vibrations and magnetic ﬁelds (Chatterjee, 2007; Fradkov & Pogromsky, 1998;
Southward et al., 1991).
To deal with systems with friction, it is necessary to have a good characterization of the
structure of the friction model and then to design appropriate compensation techniques. As a
friction phenomenon has not yet been completely understood, friction modeling is not an easy
task. Indeed, uncertainty exists on most models that contain a friction component (Hinrichs et
al., 1998; Feeny, 1998; Armstrong-Hélouvry et al., 1994; Olsson et al., 1998). Thus, for control
design purposed for systems with friction it is necessary to consider the uncertainty of models
that includes friction.
Different control approaches for friction compensation have been proposed. For instance,
linear control system with type PI controllers (Puebla & Alvarez-Ramirez, 2008), adaptive
compensation (Canudas de Wit & Lischinsky, 1997; Huang et al., 2000; Tomei, 2000), neural
networks (Lin & Wai, 2003), and others nonlinear model-based methods (Alvarez-Ramirez et
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al., 1995; Chatterjee, 2007; Xie, 2007; Zeng & Sepehri, 2008). The use of linear techniques is very
limiting due the highly nonlinearity of mechanical systems with friction, whereas nonlinear
control design needs, in general, too much information about the process. The performance of
a model-based adaptive control is limited by the accurateness of the model used to describe
the various friction-related effects.
Sliding mode control is a robust control method that has long been applied in simple
mechanical systems (Hangos et al., 2004). A drawback of this methodology, which usually
limits its applicability to control mechanical systems, is the high-frequency switching of the
control action which induces the so-called chattering phenomenon, i.e. undesired oscillations
of the relevant signals causing vibrations and unacceptable mechanical wear (Hangos et al.,
2004). A possibility to overcome this problem is to rely on high order sliding mode control
(Laghrouche et al., 2007; Levant, 2005; Levant, 2001). In (Hernandez-Suarez et al., 2009) we
have applied the integral high order sliding mode control (IHOSMC), to suppress stick-slip
oscillation in an oil-drillstring. The resulting feedback control approach leads to a robust
feedback control scheme that deals with uncertainties in the friction model and drillstrings
parameters. The IHOSMC approach consider the integration of a fractional power of the
absolute value of the tracking error, coupled with the sign function (Laghrouche et al., 2007;
Aguilar-Lopez et al., 2010). This control structure provides simpliﬁcation of the control
law and good robustness properties. In this chapter we extend the application of IHOSMC
approaches to control a general class of mechanical systems with friction. The proposed
controller yield to a robust performance in presence of external disturbances and uncertainty
on the parameters of systems with friction.
This chapter is organized as follows: In Section 2, for the sake of clarity in presentation, we
brieﬂy provide some issues on the friction phenomenology and modeling, and the class of
mechanical systems with friction is also introduced. In Section 3 we present the IHOSMC
approach and introduce a recursive cascade control scheme for the control of the class of
mechanical systems considered in this chapter. Numerical benchmark examples are used to
illustrate the control performance of the proposed control approach. Finally, in Section 6 we
close this chapter with some concluding remarks.

2. Mechanical systems with friction
In this section we brieﬂy discuss the friction phenomenology. Next we present some classical
models of friction phenomena. Finally, we introduce the class of mechanical systems under
consideration in this chapter.
2.1 Friction phenomenology

Friction involves two solid surfaces sliding against each other. The friction force is affected by
many factors such as the properties of bulk and surface layer materials, the roughness of the
surfaces in contact, the stress levels, the sliding speed, the temperature, the environment, the
properties of the lubricants and the lubrication conditions. Lubrication has the main purpose
of creating a ﬂuid ﬁlm between the two contacting surfaces, avoiding solid-to-solid contact
(Bowden & Tabor, 1950; Bowden & Tabor, 1964; Armstrong-Hélouvry et al., 1994; Rabinowicz,
1995).
Friction is a torque, or a force, that depends on the relative velocity of the moving surfaces.
Although there is disagreement on the character of the functionality of the friction forces with
the velocity, experiments have conﬁrmed that, for moderate and low velocities, the main
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components in the friction forces are mainly caused by the following phenomena (Bowden
& Tabor, 1950; Bowden & Tabor, 1964; Armstrong-Hélouvry et al., 1994; Rabinowicz, 1995):
1. Coulomb and sticktion: Coulomb friction is due to sticking effects. At zero speed, the
friction torque is equal and opposite of the applied torque, unless the latter one is larger
than the stiction torque. In this case, the friction torque is equal to the stiction torque, Fs .
The stiction torque is a torque at the moment of breakaway and is larger than the Coulomb
torque. Kinetic friction Fr is the resisting force which acts on a body after the force of static
friction has been overcome.
2. Stribeck (downward bends): After the sticktion force has been overcame, the friction force
decreases exponentially, reaching a minimum, and then increases proportionally with the
velocity. These bends occur at velocities close to zero. The friction forces are due to a
partial lubrication, where the velocity is adequate to entrain some ﬂuid in the junction but
not enough to fully separate the surfaces.
3. Viscous: Here the surfaces are fully separated by ﬂuid ﬁlm. In this regime the viscosity of
the lubricant dominates and friction increases with velocity.
4. Asymmetries and position dependence: Imperfections and unbalances in the mechanism
induce asymmetries and position dependence of the friction forces.
2.2 Friction models

Many friction models have been developed and reﬂect different aspects of the friction
phenomena (Armstrong-Hélouvry et al., 1994; Hinrichs et al., 1998; Olsson et al., 1998).
In general, existing friction models are usually classiﬁed as static and dynamic, where the
fundamental difference between them is the frictional memory. Static models usually have a
form of direct dependence between the friction force and relative velocity. Dynamic friction
models where memory effect is described with a complimentary dynamics between the
velocity and the friction force. Typical friction models are the Columb, Dahl, and the LuGre,
friction models.
1. Columb model: Coulomb proposed the ﬁrst model for the physical origin of friction, which
explained some of the important properties of dry friction in a simple way. Coulomb
sliding friction is given by,
f = FN f c sign (v) v = 0
(1)
where f is a friction force, FN the normal load, f c the coefﬁcient of Coulomb friction and
v is relative velocity. The indeterminate and discontinuous nature of the Coulomb model
makes it extremely difﬁcult to simulate the dynamics of the mechanical systems (Olsson et
al, 1998).
2. Dahl model: Dahl developed a simple model, which can be considered as a generalization
of Coulomb friction. The frictional hysteresis during pre-sliding is approximated by a
generalized ﬁrst order equation of the position depending only on the sign of the velocity.
Dahl proposed the following equation,
df
F
= σ0 (1 − sign (v) )δd v
dt
Fs

(2)

where σ0 denotes the initial stiffness of the contact at velocity reversal and δd denotes a
model parameter determining the shape of the hysteresis. v is the relative moving speed.
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Fs is the highest steady state friction. The Dahl model produces a smooth transition around
zero velocity (Olsson et al, 1998; Dahl, 1976).
3. Stribeck friction: The Stribeck friction may be represented by,
f = F0 sign (v) + Fs exp(−(v/vs )2 ) − 1)sign (v)

(3)

Where F0 is the static friction, Fs is the magnitude of the Stribeck effect, vs is the critical
velocity of the Stribeck effect, and v is the velocity. This model is empirical and in most
cases has a good ﬁt to data (Olsson et al, 1998).
4. LuGre model: The LuGre model describe major features of dynamic friction, including
presliding displacement, varying break-away force and Stribeck effect. The LuGre model
is given by,
·

f = σ0 z + σ1 z + α2 v
·
|v|
z = v−
z
g(v)

(4)

g(v) = α0 + α1 exp(−(v/vs )2 )
where z represents the unmeasurable internal friction state, σ0 , σ1 , α2 are parameters
associated to the stiffness of the elastic bristle, damping coefﬁcient in elastic range, and
the viscous friction coefﬁcient, respectively, v is the relative velocity, and vs is the Stribeck
velocity. The function g(v) is positive and it describes the Stribeck effect. Direct use
of the above LuGre model for friction compensation may have some implementation
problems. Namely, as the internal friction state z is unmeasurable, it is necessary to
construct observers to estimate z for dynamic friction compensation (Canudas de Wit et
al., 1995; Olsson et al, 1998).
2.2.1 Stick-slip

This phenomenon consists on the sudden and successive change from “stick” state to “sliding”
state, provoking the apparition of vibration and noise. Stick-slip friction is present in any
elements involving relative motion, such as gears, pulleys, bearings, DC motors. Stick-slip
friction is generally described as a composite of two different processes: the static process
when an object is stationary (no sliding is involved) and likely to move under certain applied
torque, and the dynamic process when sliding is involved (Fidlin, 2006; Denny, 2004).
The static process is characterized by the maximum static torque (or breakaway torque), under
which static state remains and the magnitude of the static friction force is equal to that of
the applied force. The slipping process is relatively complicated. Slipping torque is usually
modeled as a linear combination of Coulomb torque, viscous torque, exponential torque used
to represent Stribeck effect, and position dependent components (Fidlin, 2006; Denny, 2004).
A mathematical formulation of the stick-slip friction (denoted by τ f m ) with some commonly
used friction components is (Fidlin, 2006; Denny, 2004),
τ f m = τstm sign (v) + k vis v − τcm (1 − exp(− T0 | v|))sign (v)

+ τpm sign (v) + (1 − sign (v))τi

www.intechopen.com

(5)

High Order Sliding Mode Control for Suppression of
Nonlinear Dynamics in Mechanical Systems with Friction

335

where k vis is the coefﬁcient of viscous friction, τstm represents the maximum static friction
torque, the third term on the right side represents the Stribeck effect, where T0 is a positive
constant, τi is the input torque, so that the last term on the right side stands for the static
friction force whose magnitude is equal to the applied force, and τpm is the position dependent
friction torque, which can be modeled as,
τpm = β1 sin( β2 q + β3 )

(6)

where β i are constants.
2.3 The class of mechanical systems with friction

We consider a n order generic simple model of a mechanical system with friction, which,
possibly after a change of coordinates, can be described by,
·

x i = f i ( x ) + gi ( x ) x i + 1 1 ≤ i ≤ j − 1

(7)

·

x j = f j ( x ) + g j ( x )u j ≤ n
·

x j+l = f j+l ( x ) j + l = n f or j < n
where x are the states of the system and u is the control input. Note that the j ﬁrst equations
in dynamical system (7) are in the so called chained form. Its not hard to see that several
model of mechanical systems with friction can be described by (7). For instance, a basic model
formulation, that covers various mechanical models reported in literature is described by,
··

·

x = − F ( x, t) + u

(8)

·

where x is the position, x is the speed, F is a nonlinear function including friction components,
and u is an external input. This system can be described by (7) under a simple coordinates
change.

3. Integral high order sliding model control of mechanical systems with friction
In this section, the IHOSMC is presented to control the class of mechanical systems described
in the above section. By exploiting the chained form of model (7) we use a recursive cascade
control conﬁguration, where a virtual control input is introduced for the control design, and
a single control input u, related to the electrical properties of the motor and consequently, the
torque supplied by the motor is employed.
3.1 Control problem

The control objective is the regulation or tracking of an intermediate state (x1 ≤ xi ≤ j − 1)
of the class of mechanical systems with friction in the form (7) about a given reference, i.e.
xi → xi,re f under the following assumptions,
A1 States x1 to x j are available for control design purposes.
A2 Nonlinear terms f and g and model parameters are uncertain, and can be available rough
estimates of these terms.
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Fig. 1. Cascade control for mechanical systems with friction.
The following comments are in order:
• Dynamical and design problems in mechanical systems can be addressed using large
ﬁnite element models, which give quantitative information and can help to give practical
recommendations to circumvent mechanical problems. However, in practice, control and
optimization techniques tend to be based on simple models. Indeed, for control systems
design purposes, both low dimensional and less complex models can provide (to some
degree) qualitative insight on the dominant complex phenomenon occurring in mechanical
systems with friction.
• Assumption A1 is a reasonable assumption in several applications. For instance, high
precision optical encoders for position measurement. On the other hand, even in the
absence of such measurements, a state estimator can be designed.
• A2 considers that nonlinear terms, including friction, can contain uncertain parameters, or
in the worst case the whole terms are unknown. From a practical viewpoint, obtaining
a model that can embody all such characteristics of the friction force is not an easy
task. Having selected an appropriate model, the parameters of the model are needed to
be experimentally identiﬁed to implement the model. Friction identiﬁcation is another
challenging part of the friction compensation process.
3.2 A cascade control scheme

We can exploit the structure of the model given by (7) to design a cascade procedure to
control mechanical systems with friction. Cascade control is a common control conﬁguration
in process control, which can be thought of as partial state feedback. A typical cascade control
structure has two feedback controllers with the output of the primary (master) controller
changing the set point of the secondary (slave) controller (Alvarez-Ramirez et al., 2002;
Krishnaswamy et al., 1990).
Figure 1 shows the recursive cascade control conﬁguration for the class of mechanical systems
given by (7). The cascade control conﬁguration is based on the design of an intermediate
virtual control function u vi = u i . The design is recursive because the computation of u i+1
requires the computation of u i . For instance, for the simple class of mechanical system (8),
the master controller regulates the mechanical position x1 to a desired reference x1,re f with
the virtual input x2 = u vi , the slave controller regulates the velocity state variable x2 to the
reference x2,re f = u vi with the real control input u. In other words, the master controller
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provides reference values x2,re f to the slave controller, which is driven by the real control
input u.
3.3 Integral high order sliding mode control

Sliding mode control techniques have long been recognized as a powerful robust control
method (Hangos et al., 2004; Levant, 2001; Sira-Ramirez, 2002). Sliding mode control is a
nonlinear controller due of the switching control action. Sliding-mode control schemes, have
shown several advantages like allowing the presence of matched model uncertainties and
convergence speed over others existing techniques as Lyapunov-based techniques, feedback
linearization and extended linearization. However standard sliding-mode controllers have
some drawbacks: the closed-loop trajectory of the designed solution is not robust even
with respect to the matched disturbances on a time interval preceding the sliding motion,
the classical sliding-mode controllers are robust in the case of matched disturbances only,
the designed controller ensures the optimality only after the entrance point into the sliding
mode. To try to avoid the above a relatively new kind of sliding-mode structures have
been proposed as the named high-order sliding-mode technique, these techniques consider
a fractional power of the absolute value of the tracking error coupled with the sign function,
this structure provides several advantages as simpliﬁcation of the control law, higher accuracy
and chattering prevention (Hangos et al., 2004; Levant, 2001; Sira-Ramirez, 2002).
3.3.1 Control design

Sliding mode control designs consists of two phases. In the ﬁrst phase the sliding surface is
to be reached (reaching mode), while in the second the system is controlled to move along the
sliding surface (sliding mode). In fact, these two phases can be designed independently from
each other. Reaching the sliding surface can be realized by appropriate switching elements
(Hangos et al., 2004).
Deﬁning,
(9)

σ(e) = ei = y − yre f

as the sliding surface, we have that the continuous part of the sliding mode controller is given
by,
•

u eq,i = − gi ( x )−1 ( f i ( x ) − yi,re f )

(10)

such that,
•

σ(ei ) = 0

(11)

•

where yi,re f is the time-derivative of the desired trajectory signal. In sliding mode, the
controlled system satisﬁes the condition dei /dt = 0, such that the tracking error will be driven
to zero.
To force the system trajectory to converge to the sliding surface in the presence of both model
uncertainties and disturbances, with chattering minimization and ﬁnite-time convergence, the
sliding trajectory is proposed as (Levant, 2001; Aguilar-Lopez et al., 2010),
u sld,i = − gi ( x )−1 [ δ1,i ei + δ2,i
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where δ1,i and δ2,i are control design parameters. In essence, to achieve a zero tracking error
all system trajectory must be forced to converge to σ(ei ) in ﬁnite time and to remain on σ(ei )
afterwards.
The complete IHOSMC is given by,
•

u i = u eq,i + u sld,i = − gi ( x )−1 ( f i ( x ) − y i,re f + δ1,i ei + δ2,i

 t
0


sign (ei ) | ei |1/p dτ )

(13)

The synthesis of the above control law requires accurate knowledge of both f i ( x ) and
dyi,re f /dt to be realizable.
To enhance the robust performance of the above control laws, the uncertain terms f i ( x ) are
lumped in single terms and compensated with a reduced-order observer (Alvarez-Ramirez,
1999).
Then, we deﬁne the modelling error function as follows,
(14)

ηi = f i ( x )

In order to get estimated values of the modelling error functions η, we introduce the following
reduced-order observer,
•

(15)

ηi = λi (ηi − ηi )

where λi are observer design parameters. From (7) and (15), and after of some direct algebraic
manipulation we get,
•

wi = − gi ( x )u i − ηi

The robust IHOSMC law is written as,
•

ηi = λi (wi + yi )

u i = − gi ( x )(ηi − y i,re f + δ1,i ei + δ2,i

 t
0


sign (ei ) | ei |1/p dτ )

(16)

(17)

By exploiting the properties of the sliding part of the sliding-mode type controllers to
compensates uncertain nonlinear terms, the knowledge of nonlinear terms f i ( x ) can be
avoided. On the order hand, extensive simulation examples show that the derivative of the
set point variable can be eliminated without affecting the closed loop system performance.
Summarizing, the IHOSMC is composed by a proportional action, which has stabilizing
effects on the control performance, and a high order sliding surface, which compensates the
uncertain nonlinear terms to provide robustness to the closed-loop system. This behavior is
exhibited because, once on the sliding surface, system trajectories remain on that surface, so
the sliding condition is taken and make the surface and invariant set. This implies that some
disturbances or dynamic uncertainties can be compensated while still keeping the surface an
invariant set.
The following comments are in order:
• The IHOSMC approach has two control design parameters, namely, δ1 and δ2 which will
be chosen as δ1 > δ2 > 0. On the other hand, parameter λ, of the uncertainty observer
should be chosen as 0 < λ < ω c , where ω c is the open-loop dominant frequency of the
systems oscillations.
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• Although a rigorous robustness analysis is beyond the scope of this study, numerical
examples will show that the feedback controller is able of yielding robust control
performance despite signiﬁcant parameter departures from parameter nominal values.
• Stability must be preserved in the context of both structured uncertainties in the
parameters as well as unstructured errors in modeling. A stability analysis for the
proposed control conﬁgurations should parallel the steps reported in (Aguilar-Lopez et
al., 2010) and (Aguilar-López & Martínez-Guerra, 2008).

4. Applications
In this section, simulation results are presented for both position regulation and tracking
of mechanical systems with friction (7) with the IHOSMC approach described above. The
control performance is evaluated considering set point changes and typical disturbances of
mechanical systems. We consider the following ﬁve examples: (i) Mechanical system with
Coulomb friction, (ii) an inverted pendulum, (iii) an AC induction motor, and (vi) a levitation
magnetic system.
4.1 Mechanical system with Coulomb friction

We consider a mechanical system described in (Alvarez-Ramirez et al., 1995) with a Coulomb
friction law. The dimensionless equation of motion is,
dx1
= x2
dt
1
dx2
=
{− F ( x1, x2 ) − αx1 + τl + u }
dt
m

(18)

where m is the mass of the system, τl is an unknown external force, which way be due to
loads and/or noise acting in the mechanism, u is a manipulated forced used to control the
system and the term F ( x1 , x2 ) includes all friction effects and is determined by the following
expression,
F ( x1, x2 ) = φ f ( x1 )
where φ is the coefﬁcient of friction and f ( x1 ) is the normal load which vary with
displacement,
f ( x1 ) = − μ k x1 < 0

(19)

− μ s ≤ f ( x1 ) ≤ μ s x1 = 0
f ( x1 ) = μ k x1 > 0
Control objetive is the position tracking to the periodic reference,
yre f = x1,re f = 0.3 sin(0.5t)
The parameters of the controller are set as δ1,i = [25, 10], and δ2,i = [2.3, 1]. Model simulation
parameters are taken from (Alvarez-Ramirez et al., 1995). The control law is turned on the
t = 50 time units and τl = A sin(1.25t). At t = 75 the amplitude A of the external force τl is
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Fig. 2. (a) Cascade control for mechanical system, (18) and (b) control input.
changed in 20 %. Figure 2 shows the position trajectory before and after the control activation.
In Figure 2 the control input is also displayed. It can be seen that the proposed cascade control
scheme is able to track the desired reference and rejects the applied perturbation. After that
the control input reach the saturation levels (−10 < u < 10) the control inputs displays a
complex oscillatory behavior.
4.2 Inverted pendulum

The inverted pendulum has been used as a classical control example for nearly half a century
because of its nonlinear, unstable, and nonminimum-phase characteristics. In this case we
consider a single inverted pendulum.
The equation of motion for a simple inverted pendulum with Coulomb friction and external
perturbation is (Poznyak et al., 2006),
dx1
= x2
dt
dx2
= − g sin( x1 )/l − vs x2 /J − ps sign ( x2 )/J + τd + u/J
dt

(20)

where g is the gravitational acceleration, l is the distance between the rotational axis and
center of gravity of the pendulum, J = ml 2 is the inertial moment, where m is the mass of the
system, τd = 0.5 sin(2t) + 0.5 cos(5t) is an external disturbance, which may be due to loads
and/or noise acting in the mechanism, u is a manipulated forced used to control the system.
Let yre f = x1,re f = sin(t) be the desired orbit of the pendulum position. Figure 3 shows the
control performance using the control parameters δ1,i = [12, 7], and δ2,i = [1, 0.5]. In this case
the IHOSMC controller is activated at t = 15 and from 0 to 15 time units the pendulum is
driven by the twisting controller introduced by Poznyak et al. (2006). It can be seen from
Figure 3 that the IHOSMC controller is able to follow the periodic orbit with a better closed
loop behavior that the twisting controller.
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Fig. 3. (a) Control performance for inverted pendulum system and (b) control input.
4.3 Induction AC motors

Induction motors have found considerable applications in industry due to their reliability,
ruggedness and relatively low cost. Their mechanical reliability is due to the fact that there
is no mechanical commutation as in most DC motors. Furthermore, induction motors can
also be used in volatile environments because no sparks are produced. An induction motor is
composed of three stator windings and three rotor windings.
A simple mathematical model of an induction motor, under ﬁeld-oriented control with a
constant rotor ﬂux amplitude, which was presented in (Tan et al., 2003), is the following,
dx1
= x2
dt
K
F
τ
dx2
= T x3 − − l
dt
J
J
J
dx3
= a1 x2 + a2 x3 + bu
dt

(21)

where x1 is the rotor angle, x2 is the rotor angular velocity, x3 is the component of stator
current, u is the component of stator voltage, J is the rotor inertia, τl is the load torque, and F
is the friction force.
Friction force is modeled by the LuGre friction model with friction force variations,
dz
| x2 |
= x2 −
z
dt
g ( x2 )
dz
F = σ0 z + σ1
+ σ2 x2
dt
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Fig. 4. (a) Cascade control for induction AC motors system and (b) control input.
where z is the friction state that physically stands for the average deﬂection of the bristles
between two contact surfaces. The nonlinear function is used to describe different friction
effects and can be parameterized to characterize the Stribeck effect,
x2 2
)
(23)
vs
where Fc is the Coulomb friction value, Fs is the stiction force value, and vs is the Stribeck
velocity.
The control objective is to asymptotically track a given bounded reference signal yre f = x1,re f
given by,
g( x2 ) = Fc + ( Fs − Fc ) exp(−

yre f = 5.6 sin(0.4πt) sin(0.02πt)

(24)

A load disturbance τl = 0.8 N · m is injected into the induction motor simulation model. The
position of the rotor angle and the corresponding control input are shown in Figure 4. It can be
seen that the controller is able to track the desired reference (24) using a periodic input of the
control input. The external disturbance is also rejected without an appreciable degradation of
the closed-loop system.
4.4 Levitation system

Magnetic levitation systems have been receiving considerable interest due to their great
practical importance in many engineering ﬁelds (Hikihara & Moon, 1994). For instance,
high-speed trains, magnetic bearings, coil gun and high-precision platforms. We consider
the control of the vertical motion in a class of magnetic levitation given by a single degree
of freedom (speciﬁcally, a magnet supported by a superconducting system). In particular,
we consider a magnet supported by superconducting system which can be represented by
a second-order differential equation with a nonlinear term which involves hysteresis and
periodic external excitation force. Without loss of generality, one can consider that the model
of the levitation system is modelled by the following equation (Femat, 1998),
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dx1
= x2
dt
dx2
= − δx2 − x1 + x3 + τl + u
dt
dx3
= − γ ( x3 − F )
dt
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(25)

x1 is deﬁned as a displacement from the surface of a high Tc superconductor (HTSC) surface,
x2 is the velocity, x3 is a dynamical force between the HTSC and the magnet, which includes
hysteresis effects, δ represents a mechanical damping coefﬁcient, γ is a relaxation coefﬁcient,
τl is an external excitation force, and u is the control force.
The nonlinear function F is given by (Femat, 1998),
F = Fx1 exp(− x1 )(1 − Fx2 )

(26)

Fx1 = F0 exp(− x1 )
⎧
⎪
≤ x2
⎨ − μ 1 − x2
−
x
(
μ
−
μ
)
2
1
2
Fx1 =
− ≤ x2 <
2
⎪

μ2
x2 < −

where the exponential term Fx1 shows the force-displacement relation without hysteresis, F0
denotes the maximum force between the HTSC and the magnet, μ1 and μ2 are constants. The
control problem is the regulation to the origin of the vertical motion, i.e. yre f = x1,re f = 0.0. In
the Figure 6 the controlled position and the corresponding control input are presented (control
action is turn on a t = 100.0 time units). It can be seen from Figure 5 that the controller can
regulate the vertical position of the levitation system via a simple periodic manipulation of
the control force. The control input reaches saturation levels in the ﬁrst 20 time units, which
can be related to high values of the controller parameters.

5. Conclusions
In mechanical systems, the control performance is greatly affected by the presence of several
signiﬁcant nonlinearities such as static and dynamic friction, backlash and actuator saturation.
Hence, the productivity of industrial systems based on mechanical systems depend upon how
control approaches are able to compensate these adverse effects. Indeed, ﬁction in mechanical
systems can lead to premature degradation of highly expensive mechanical and electronic
components. On the other hand, due to uncertainties and variations in environmental factors
a mathematical model of the friction phenomena present signiﬁcant uncertainties.
In this chapter, by means of an IHOSMC approach and a cascade control conﬁguration
we have derived a robust control approach for both regulation and tracking position in
mechanical systems. The underlying idea behind the control approach is to force the error
dynamics to a sliding surface that compensates uncertain parameters and unknown term.
The sliding mode control law is enhanced with an uncertainties observer. We have show via
numerical simulations how the motion can be regulate and tracking to a desired reference in
presence of uncertainties in the control design and changes in model parameters. Although
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Fig. 5. Levitation system: (a) motion vertical control and (b) control input.
the control design is restricted to certain class of mechanical systems with friction, the concepts
presented in our work should ﬁnd general applicability in the control of friction in other
systems.
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